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PILOT4 from NETLIB library

» Constraint 372

al'x = —15.7908 126 — 8.598819x527 — 1.88789x 28 — 1.362417xg29
—1.526049x830 — 0.031883x849 — 28.725555xg50 — 10.792065x35]
—0.19004xg5y — 2.757176x853 — 12.290832xg54 + 717.562256x 355
—0.057865xg56 — 3.785417x857 — 78.30661xg58 — 122.163055x 859
—6.46609x360 — 0.48371x361 — 0.615264x862 — 1.353783x363
—84.644257x364 — 122.459045x 365 — 43.15593x866 — 1.712592x370
—0.401597x3871 + x880 — 0.946049xg9g — 0.946049x96

> b = 23.387405
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PILOT4 from NETLIB library

» Constraint 372

alx = —15.7908 1xg26 — 8.598819x27 — 1.88789%x 28 — 1.362417x520
—1.526049x830 — 0.031883x849 — 28.725555xg50 — 10.792065x35]
—0.19004xg5y — 2.757176x853 — 12.290832xg54 + 717.562256x 355
—0.057865x856 — 3.785417xg57 — 78.30661xg58 — 122.163055x 859
—6.46609x360 — 0.48371x361 — 0.615264x862 — 1.353783x363
—84.644257x564 — 122.459045xg65 — 43.15593x866 — 1.712592xg70
—0.40]597){371 + X880 — 0.946049xg93 - 04946049X91(,

> b = 23.387405

» Optimal “classical” solution

Xy = 255.6112787181108
Xy = 3624.613324098961
X4 = 174397.0389573037
X%, = 25910.00731692178

X%y, = 6240.488912232100
X%, = 18.20205065283259
X% = 14250.00176680900
xlgo = 104958.3199274139
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PILOT4 from NETLIB library

» Constraint 372

alx = —15.7908 1xg26 — 8.598819x27 — 1.88789%x 28 — 1.362417x520
—1.526049x830 — 0.031883x849 — 28.725555xg50 — 10.792065x35]
—0.19004xg5y — 2.757176x853 — 12.290832xg54 + 717.562256x 355
—0.057865x856 — 3.785417xg57 — 78.30661xg58 — 122.163055x 859
—6.46609x360 — 0.48371x361 — 0.615264x862 — 1.353783x363
—84.644257x564 — 122.459045xg65 — 43.15593x866 — 1.712592xg70
—0.40]597){371 + X880 — 0.946049X393 - 04946049X9](,

> b = 23.387405

» Optimal “classical” solution

Xy = 255.6112787181108
Xy = 3624.613324098961
X4 = 174397.0389573037
X%, = 25910.00731692178
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X%y, = 6240.488912232100
X%, = 18.20205065283259
X% = 14250.00176680900
xlgo = 104958.3199274139

» Can the coefficients be known with
such a high accuracy?
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PILOT4 from NETLIB library

» Constraint 372

alx = —15.7908 1xg26 — 8.598819x27 — 1.88789%x 28 — 1.362417x520
—1.526049x830 — 0.031883x849 — 28.725555xg50 — 10.792065x35]
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» Optimal “classical” solution
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» Can the coefficients be known with
such a high accuracy?

> Assume 0.1%-accurate approximation
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» Constraint 372

alx = —15.7908 1xg26 — 8.598819x27 — 1.88789%x 28 — 1.362417x520
—1.526049x830 — 0.031883x849 — 28.725555xg50 — 10.792065x35]
—0.19004xg5y — 2.757176x853 — 12.290832xg54 + 717.562256x 355
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—84.644257x564 — 122.459045xg65 — 43.15593x866 — 1.712592xg70
—0.40]597){371 + X880 — 0.946049X393 - 04946049)’9](,

> b = 23.387405

» Optimal “classical” solution

Xy = 255.6112787181108
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X%y, = 6240.488912232100
X%, = 18.20205065283259
X% = 14250.00176680900
xlgo = 104958.3199274139

» Can the coefficients be known with
such a high accuracy?

> Assume 0.1%-accurate approximation

» Worst violation: 450%
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PILOT4 from NETLIB library

» Constraint 372

alx = —15.7908 1xg26 — 8.598819x27 — 1.88789%x 28 — 1.362417x520
—1.526049x830 — 0.031883x849 — 28.725555xg50 — 10.792065x35]
—0.19004xg5y — 2.757176x853 — 12.290832xg54 + 717.562256x 355
—0.057865xg56 — 3.785417xg57 — 78.30661xg58 — 122.163055x859
—6.46609x360 — 0.48371x361 — 0.615264x862 — 1.353783x363
—84.644257x564 — 122.459045xg65 — 43.15593x866 — 1.712592xg70
—0.40]597){371 + X880 — 0.946049X393 - 04946049)’9](,

> b = 23.387405

» Optimal “classical” solution

Xy = 255.6112787181108
Xy = 3624.613324098961
X4 = 174397.0389573037
X%, = 25910.00731692178
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X%y, = 6240.488912232100
X%, = 18.20205065283259
X% = 14250.00176680900
xlgo = 104958.3199274139

v vy

Can the coefficients be known with
such a high accuracy?

Assume 0.1%-accurate approximation
Worst violation: 450%
Random perturbation: (1 + &;)a;
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PILOT4 from NETLIB library

» Constraint 372

alx = —15.7908 1xg26 — 8.598819x27 — 1.88789%x 28 — 1.362417x520
—1.526049x830 — 0.031883x849 — 28.725555xg50 — 10.792065x35]
—0.19004xg5y — 2.757176x853 — 12.290832xg54 + 717.562256x 355
—0.057865xg56 — 3.785417xg57 — 78.30661xg58 — 122.163055x859
—6.46609x360 — 0.48371x361 — 0.615264x862 — 1.353783x363
—84.644257x564 — 122.459045xg65 — 43.15593x866 — 1.712592xg70
—0.40]597){37[ + X880 — 0.946049X393 - 04946049)’9](,

> b = 23.387405

» Optimal “classical” solution

Xy = 255.6112787181108
Xy = 3624.613324098961
X4 = 174397.0389573037
X%, = 25910.00731692178

X%y, = 6240.488912232100
X%, = 18.20205065283259
X% = 14250.00176680900
xlgo = 104958.3199274139

vV vYyy

Can the coefficients be known with
such a high accuracy?

Assume 0.1%-accurate approximation
Worst violation: 450%

Random perturbation: (1 + &;)a;
Relative violation:

V= b=l 5 100%
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PILOT4 from NETLIB library

» Constraint 372 » Can the coefficients be known with
r such a high accuracy?
a x = —15.79081){32() - 8.598819,‘(827 - 1.88789){323 - l.3()2417x829
—1.526049x530 — 0.031883x549 — 28.725555x850 — 10.792065x55 > Assume 0.1%-accurate approximation
—0.19004xg50 — 2.757176xg53 — 12.290832xg54 + 717.562256x 855 > Worst violation: 450%
—0.057865x856 — 3.785417xg57 — 78.30661xg58 — 122.163055x 859
—6.46609x560 — 0.48371xge1 — 0.615264xg62 — 1.353783x363 > Random perturbation: (1 +¢&;)a;
—84.644257x364 — 122.459045x 365 — 43.15593x866 — 1.712592x370 » Relative violation:
—0.40]597){37[ + X880 — 0.946049)’393 - 04946049)’9](,
> b = 23.387405 .
V=0 % 100%
» Optimal “classical” solution
Xhe = 255.6112787181108 X%y, = 6240.488912232100 > Prob{V' >0} =0.5
x$,5 = 3624.613324098961 x§he = 18.20205065283259 » Prob{V > 150%} = 0.18
x§,9 = 174397.0389573037 X0 = 14250.00176680900 > Mean(V) = 125%
X%, = 25910.00731692178 Xig = 104958.3199274139
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PILOT4 from NETLIB library

» Constraint 372

alx = —15.79081x526 — 8.598819x527 — 1.88789%x525 — 1.362417x529
—1.526049xg30 — 0.031883x849 — 28.725555x850 — 10.792065x35]
—0.19004xg5y — 2.757176x853 — 12.290832xg54 + 717.562256x 355
—0.057865xg56 — 3.785417xg57 — 78.30661xg58 — 122.163055x859
—6.46609x360 — 0.48371x361 — 0.615264x862 — 1.353783x363
—84.644257x564 — 122.459045xg65 — 43.15593x866 — 1.712592xg70
—0.40]597){37[ + X880 — 0.946049)’393 - 0.946049)’9](,

> b = 23.387405

» Optimal “classical” solution

Xy = 255.6112787181108
Xy = 3624.613324098961
X4 = 174397.0389573037
X%, = 25910.00731692178

X%y, = 6240.488912232100
X%, = 18.20205065283259
X% = 14250.00176680900
xlgo = 104958.3199274139

vV vYyy

Can the coefficients be known with
such a high accuracy?

Assume 0.1%-accurate approximation
Worst violation: 450%

Random perturbation: (1 + &;)a;
Relative violation:

V= b=l 5 100%

Prob{V > 0} = 0.5
Prob{V > 150%} = 0.18
Mean(V) = 125%

» Robust optimization: robust solutions remain (almost) always feasible

C. Biising
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Ignoring Uncertainties

PILOT4 from NETLIB library

» Constraint 372

al'x = —15.79081){32(, - 8.598819,\‘827 - 1.88789)(333 - |.3()2417,\‘829
—1.526049x830 — 0.031883x849 — 28.725555xg50 — 10.792065x35)
—0.19004xg50 — 2.757176x853 — 12.290832xg54 + 717.562256x 355
—0.057865x856 — 3.785417xg57 — 78.30661xg58 — 122.163055x 859
—6.46609x360 — 0.48371x361 — 0.615264x862 — 1.353783x363
—84.644257X3(,4 - |22.459045X8(,5 — 43-]5593X866 - |.7]2592X370
—0.40]597){371 + X880 — 0.946049x8()g - 0.946049.\‘()1()

> b = 23.387405

» Optimal “classical” solution

Xy = 255.6112787181108
Xy = 3624.613324098961
X4 = 174397.0389573037
X%, = 25910.00731692178

X%y, = 6240.488912232100
X%, = 18.20205065283259
X% = 14250.00176680900
xlgo = 104958.3199274139

vV vYyy

Can the coefficients be known with
such a high accuracy?

Assume 0.1%-accurate approximation
Worst violation: 450%
Random perturbation: (1 + &;)a;

Relative violation:

*

V= b=iTa

27 5 100%

Prob{V > 0} = 0.5
Prob{V > 150%} = 0.18
Mean(V) = 125%

» Robust optimization: robust solutions remain (almost) always feasible

» Usually still very good objective value

C. Biising
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Definition (Robust Binary Programming with cost uncertainties)

Given a set of feasible solution X = {xz € {0,1}" | Ax < b}. Let S be a set of
scenarios defining cost functions ¢® : N = R, S € S. A robust optimial solution z* is
a feasible solution minimizing the worst case costs, i.e., solve

n
: S
min {gleaé( E 1 ;x| Az < b,z € {0, l}n}
1=
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Definition (Robust Binary Programming with cost uncertainties)

Given a set of feasible solution X = {z € {0,1}" | Az < b}. Let S be a set of
scenarios defining cost functions ¢ : N — R, S € S. A robust optimial solution z* is
a feasible solution minimizing the worst case costs, i.e., solve

n
: S
min {1:93;{ E 1 ;x| Az < b,z € {0, 1}n}
1=

Shortest Path Problem
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Definition (Robust Binary Programming with cost uncertainties)

Given a set of feasible solution X = {xz € {0,1}" | Ax < b}. Let S be a set of
scenarios defining cost functions ¢® : N = R, S € S. A robust optimial solution z* is
a feasible solution minimizing the worst case costs, i.e., solve

n
: S
min {Iéleaéi E 1 ;x| Az < b,z € {0, 1}n}
1=

Shortest Palth Problem

o )—2

AW

s 2 2 t

N, A

vy } W vy
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Definition (Robust Binary Programming with cost uncertainties)

Given a set of feasible solution X = {z € {0,1}" | Az < b}. Let S be a set of
scenarios defining cost functions ¢ : N — R, S € S. A robust optimial solution z* is
a feasible solution minimizing the worst case costs, i.e., solve

n
: S
min {1:93;{ E 1 ;x| Az < b,z € {0, 1}n}
1=

Shortest Palth Problem

o )—2

(3.5]
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Definition (Robust Binary Programming with cost uncertainties)

Given a set of feasible solution X = {z € {0,1}" | Az < b}. Let S be a set of
scenarios defining cost functions ¢ : N — R, S € S. A robust optimial solution z* is
a feasible solution minimizing the worst case costs, i.e., solve

n
: S
min {1:93;{ E 1 ;x| Az < b,z € {0, 1}n}
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Definition (Robust Binary Programming with cost uncertainties)

Given a set of feasible solution X = {z € {0,1}" | Az < b}. Let S be a set of
scenarios defining cost functions ¢ : N — R, S € S. A robust optimial solution z* is
a feasible solution minimizing the worst case costs, i.e., solve

n
min 1;{13;{210;9@ | Az < b,z € {0,1}"
1=

Shortest Palth Problem

vy *} “v3 U1 U3

3,7
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Definition (Robust Binary Problem with budget uncertainties)

Given a set of feasible solution X = {x € {0,1}" | Ax < b}, costs c: N — R and
deviations ¢ : N — R and a parameter I' € N. An optimal solution solves

n
min max G + c;z; | Ax < b,z € {0,1}"

Shortest Path Problem
(10, 17]

<

3,7]

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 4



Robust Optimization under Budget Uncertainties ‘= ‘ R

Definition (Robust Binary Problem with budget uncertainties)

Given a set of feasible solution X = {x € {0,1}" | Ax < b}, costs c: N — R and
deviations ¢ : N — R and a parameter I' € N. An optimal solution solves

n
min max G + c;z; | Ax < b,z € {0,1}"
{Nz i+ Y | Ar < bae }}

Shortest Path Problem

. (10, 1] ‘ [10,12]

<

4

3,7] [3.5]
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Definition (Robust Binary Problem with budget uncertainties)

Given a set of feasible solution X = {x € {0,1}" | Ax < b}, costs c: N — R and
deviations ¢ : N — R and a parameter I' € N. An optimal solution solves

n
min max G + c;z; | Ax < b,z € {0,1}"
{Nz i+ Y | Ar < bae }}

Shortest Path Problem

~ 10,17

<

4

3,7]
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Definition (Robust Binary Problem with budget uncertainties)

Given a set of feasible solution X = {x € {0,1}" | Ax < b}, costs c: N — R and
deviations ¢ : N — R and a parameter I' € N. An optimal solution solves

n
min max G + c;z; | Ax < b,z € {0,1}"
{Nz i+ Y | Ar < bae }}

Shortest Path Problem

~ 10,17

<

4

3,7]
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max z cix; + Z @785 min I'z+ Zpi + Z @985
SCN,|S|<T 4

ieN ieN ieN
s.t. Ax > b s.t. Ax > b
CL‘E{O,l}n z4+p; > Gxr; YieEN

pERLy,2>0,2€{0,1}"
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max z Gx; + Z @785 min I'z+ Zpi + Z @985

SCN,|S|<T

i€S iEN iEN IEN
s.t. Ax >b s.t. Ax >b
CL‘E{O,l}n z4+p; > Gxr; YieEN

pERLy,2>0,2€{0,1}"
Proof: max Zézfﬂzyz
Zyi <T

iEN
y €{0,1}"
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max z Gx; + Z @785 min I'z+ Zpi + Z @985

SCN,|S|<T

i€S iEN iEN IEN
s.t. Ax >b s.t. Ax >b
CL‘E{O,l}n z4+p; > Gxr; YieEN

pERLy,2>0,2€{0,1}"
Proof: max Zézfﬂzyz

Z.%‘SF

iEN
y €{0,1}"

» Totally unimodular
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max z Gx; + Z @785 min I'z+ Zpi + Z @985
SCN,|S|<T

i€S iEN iEN IEN
s.t. Ax >b s.t. Ax >b
CL‘E{O,l}n z4+p; > Gxr; YieEN

pERLy,2>0,2€{0,1}"
Proof: max Zézfﬂzyz

Z.%‘SF

1EN

» Totally unimodular
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max z Gx; + Z @785 min I'z+ Zpi + Z @985

SCN,|S|<T

i€S iEN iEN IEN
s.t. Ax >b s.t. Ax >b
CL‘E{O,l}n z4+p; > Gxr; YieEN

pERLy,2>0,2€{0,1}"
Proof: max Zézfﬂzyz

Z.%‘SF

iEN
0<y; <1

» Totally unimodular
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min Sgr]\r[{ng('SF ; C;ix; + Zez;v CiZ; min I'z+ ZIEZ]:sz -+ lez]:\, CiZi
s.t. Axr >b s.t. Axr >b

CL‘E{O,l}n z4+p; > Gxr; YieEN
pERLy,2>0,2€{0,1}"

Proof: max } :ézxzyz

Z.%‘SF

iEN
0<y; <1

» Totally unimodular

o » Dualize . . o . .
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max Z Cixi + Z @395 min T'z+ Zpi + Z ©3985

SCN,|S|<T

ieS ieN ieN ieN
s.t. Ax > b s.t. Ax > b
CL‘E{O,l}n z4+p; > Gxr; YieEN
pERLy,2>0,2€{0,1}"
Proof: max Z &iTiyi min r-z+ Zpi
iEN
Zj:vyiﬁr > Em YieN
1€

n
0<y <1 PER>0 220
» Totally unimodular

> .
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max z Gx; + Z @785 min I'z+ Zpi + Z @985
SCN,|S|<T

i€S iEN iEN IEN
s.t. Ax >b s.t. Ax >b
CL‘E{O,l}n z4+p; > Gxr; YieEN

pERLy,2>0,2€{0,1}"

» Optimal choice of z,p for s
x fixed
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Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max z Gx; + Z @785 min I'z+ Zpi + Z @985
SCN,|S|<T

i€S iEN iEN IEN
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CL‘E{O,l}n z4+p; > Gxr; YieEN

pERLy,2>0,2€{0,1}"

» Optimal choice of z,p for s
x fixed r=3

12 3 4 5 6 1T
C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty



Budget Uncertainties Ya | RWTH

Theorem (Bertsimas & Sim 2004)
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max z Gx; + Z @785 min I'z+ Zpi + Z @985
SCN,|S|<T €S iEN iEN iEN
s.t. Ax > b s.t. Ax > b
CL‘E{O,l}n z4+p; > Gxr; YieEN

pERLy,2>0,2€{0,1}"

Optimal choice of z, p for i
g z
(3
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Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max z Cixi + Z @395 min T'z+ Zpi + Z ©3985
SCN,|S|<T

i€S iEN iEN IEN
s.t. Ax >b s.t. Ax >b
CL‘E{O,l}n z4+p; > Gxr; YieEN

pERLy,2>0,2€{0,1}"
» Optimal choice of z,p for i
x fixed

» 2z optimal between I' and —
I' + 1 largest value é;x;
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C. Biising

Theorem (Bertsimas & Sim 2004)

Given a set of feasible solution X = {x € {0,1}" | Az < b}, costs ¢c: N — R and
deviations ¢ : N — R and a parameter I' € N. Both problems are equivalent

min max Z Cixi + Z Ci%i
SCN,|S|<I

S €S iEN
s.t. Ax > b

xz € {0,1}"

» Optimal choice of z, p for
x fixed

» 2z optimal between I' and
I' + 1 largest value é;x;

> We pay the I' largest
values ¢;x;

min

s.t.

Gix;

Lz + Zpi + Zcz’$i

iEN iEN
Ax > b
z+pi > i
pERLy,2>0,2€{0,1}"

NSNS NNNSN
NN
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» compact formulation,
no use of big M
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» compact formulation,
no use of big M

> let's solve some
problems!
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Practical Performance Ya | RWTH

Nodes Cuts/
Node Left Objective IInf Best Integer Best Bound ItCnt Gap

23720047 15197259 11719,6862 20 11606,0000 12288,1353 55057467 5,88%
23770901 15226459 11828,1686 23 11606,0000 12287,7700 55180967 5,87%
23821565 15255529 12011,4041 24 11606,0000 12287,4030 55303331 5,87%
23871269 15283781 11783,7154 22 11606,0000 12287,0473 55424214 5,87%
Elapsed time = 3434,41 sec. 5979817,73 ticks, tree = 3353,00 MB, solutions = 12

> compact formulatlon, Nodefile size = 1305,88 MB 727,49 MB after compression
. 23922166 15312936 12191,2914 28 11606 ,0000 12286,6809 55547450  5,86%
no use of blg M 23972875 15342043 12200,0047 28 11606,0000 12286,3216 55668913 5,86%

24023053 15370543 11736,4889 21 11606,0000 12285,9418 55790174 5,867
24073375 15399019 12100,5997 25 11606,0000 12285,5821 55912495 5,867
24124016 15427933 12185,6295 27 11606,0000 12285,2237 56034120 5,85%

> Iet's Solve some 24174475 15456520 12076,8979 25 11606,0000 12284,8592 56156283 5,85%
24223910 15484613 11936,4399 23 11606,0000 12284,4984 56276599 5,85%
F)r()t)|e|11sl 24273972 15512958 11751,6692 24 11606,0000 12284,1408 56398552 5,847

24324148 15541333 11929,2290 23 11606,0000 12283,7841 56521083 5,847,
24374451 15569768 12255,0014 27 11606,0000 12283,4225 56644319 5,847,
Elapsed time = 3528,01 sec. 6132528,45 ticks, tree = 3408,61 MB, solutions = 12
Nodefile size = 1360,88 MB 755,91 MB after compression
> rObUSt knapsaCk 24424125 15598043 11993,2112 23 11602,0000 12283,0698 56764602 5,83%
24475158 15626928 12240,6841 27 11606,0000 12282,7013 56887548 5,83%
24526113 15655874 12232,6254 27 11606,0000 12282,3386 57011130 5,83%
24576245 15684253 12236,5555 30 11606,0000 12281,9808 57133348 5,82,
24625778 15712276 cutoff 11606,0000 12281,6332 57253146 5,82%
24676376 15740977 11992,7508 26 11606,0000 12281,2759 57374978 5,82,
24726652 15769305 12240,2652 28 11606,0000 12280,9179 57496901 5,82,
24777038 15797704 11615,6468 22 11606,0000 12280,5627 57618421 5,81%
24827584 15826342 12045,1031 24 11606,0000 12280,2089 57740201 5,81%
24877740 15854780 cutoff 11606,0000 12279,8571 57860645 5,81%
Elapsed time = 3623,59 sec. 6285119,25 ticks, tree = 3464,00 MB, solutions = 12
Nodefile size = 1416,87 MB 784,63 MB after compression
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Nodes Cuts/
Node Left Objective IInf Best Integer Best Bound ItCnt Gap

23720047 15197259 11719,6862 20 11606,0000 12288,1353 55057467 5,88%
23770901 15226459 11828,1686 23 11606,0000 12287,7700 55180967 5,87%
23821565 15255529 12011,4041 24 11606,0000 12287,4030 55303331 5,87%
23871269 15283781 11783,7154 22 11606,0000 12287,0473 55424214 5,87%
Elapsed time = 3434,41 sec. 5979817,73 ticks, tree = 3353,00 MB, solutions = 12

> compact formulatlon, Nodefile size = 1305,88 MB 727,49 MB after compression
. 23922166 15312936 12191,2914 28 11606 ,0000 12286,6809 55547450  5,86%
no use of blg M 23972875 15342043 12200,0047 28 11606,0000 12286,3216 55668913 5,86%

24023053 15370543 11736,4889 21 11606,0000 12285,9418 55790174 5,867
24073375 15399019 12100,5997 25 11606,0000 12285,5821 55912495 5,867
24124016 15427933 12185,6295 27 11606,0000 12285,2237 56034120 5,85%

> Iet's Solve some 24174475 15456520 12076,8979 25 11606,0000 12284,8592 56156283 5,85%
24223910 15484613 11936,4399 23 11606,0000 12284,4984 56276599 5,85%
F)r()t)|e|11sl 24273972 15512958 11751,6692 24 11606,0000 12284,1408 56398552 5,847

24324148 15541333 11929,2290 23 11606,0000 12283,7841 56521083 5,847,
24374451 15569768 12255,0014 27 11606,0000 12283,4225 56644319 5,847,
Elapsed time = 3528,01 sec. 6132528,45 ticks, tree = 3408,61 MB, solutions = 12
Nodefile size = 1360,88 MB 755,91 MB after compression
> rObUSt knapsaCk 24424125 15598043 11993,2112 23 11602,0000 12283,0698 56764602 5,83%
24475158 15626928 12240,6841 27 11606,0000 12282,7013 56887548 5,83%
24526113 15655874 12232,6254 27 11606,0000 12282,3386 57011130 5,83%
24576245 15684253 12236,5555 30 11606,0000 12281,9808 57133348 5,82,
24625778 15712276 cutoff 11606,0000 12281,6332 57253146 5,82%
24676376 15740977 11992,7508 26 11606,0000 12281,2759 57374978 5,82,
24726652 15769305 12240,2652 28 11606,0000 12280,9179 57496901 5,82,
24777038 15797704 11615,6468 22 11606,0000 12280,5627 57618421 5,81%
24827584 15826342 12045,1031 24 11606,0000 12280,2089 57740201 5,81%
24877740 15854780 cutoff 11606,0000 12279,8571 57860645 5,81%
Elapsed time = 3623,59 sec. 6285119,25 ticks, tree = 3464,00 MB, solutions = 12
Nodefile size = 1416,87 MB 784,63 MB after compression
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Practical Performance

» compact formulation,
no use of big M

> let's solve some
problems!

» robust knapsack:
50 items can already
be intractable

%« | RWNTH
Nodes Cuts/

Node Left Objective IInf Best Integer Best Bound ItCnt Gap
23720047 15197259 11719,6862 20 11606,0000 12288,1353 55057467 5,88%
23770901 15226459 11828,1686 23 11606,0000 12287,7700 55180967 5,87%
23821565 15255529 12011,4041 24 11606,0000 12287,4030 55303331 5,87%
23871269 15283781 11783,7154 22 11606,0000 12287,0473 55424214 5,87%

Elapsed time = 3434,41 sec. 5979817,73 ticks, tree = 3353,00 MB, solutions = 12
Nodefile size = 1305,88 MB 727,49 MB after compression
23922166 15312936 12191,2914 28 11606,0000 12286,6809 55547450 5,867
23972875 15342043 12200,0047 28 11606,0000 12286,3216 55668913 5,86
24023053 15370543 11736,4889 21 11606,0000 12285,9418 55790174 5,86%
24073375 15399019 12100,5997 25 11606,0000 12285,5821 55912495 5,86%
24124016 15427933 12185,6295 27 11606,0000 12285,2237 56034120 5,85%
24174475 15456520 12076,8979 25 11606,0000 12284,8592 56156283 5,85%
24223910 15484613 11936,4399 23 11606,0000 12284,4984 56276599 5,85%
24273972 15512958 11751,6692 24 11606,0000 12284,1408 56398552 5,84%
24324148 15541333 11929,2290 23 11606,0000 12283,7841 56521083 5,84%
24374451 15569768 12255,0014 27 11606,0000 12283,4225 56644319 5,84
Elapsed time = 3528,01 sec. 6132528,45 ticks, tree = 3408,61 MB, solutions = 12
Nodefile size = 1360,88 MB 755,91 MB after compression
24424125 15598043 11993,2112 23 11606,0000 12283,0698 56764602 5,83%
24475158 15626928 12240,6841 27 11606,0000 12282,7013 56887548 5,83%
24526113 15655874 12232,6254 27 11606,0000 12282,3386 57011130 5,83%
24576245 15684253 12236,5555 30 11606,0000 12281,9808 57133348 5,82,
24625778 15712276 cutoff 11606,0000 12281,6332 57253146 5,82%
24676376 15740977 11992,7508 26 11606,0000 12281,2759 57374978 5,82,
24726652 15769305 12240,2652 28 11606,0000 12280,9179 57496901 5,82,
24777038 15797704 11615,6468 22 11606,0000 12280,5627 57618421 5,81%
24827584 15826342 12045,1031 24 11606,0000 12280,2089 57740201 5,81%
24877740 15854780 cutoff 11606,0000 12279,8571 57860645 5,81%
Elapsed time = 3623,59 sec. 6285119,25 ticks, tree = 3464,00 MB, solutions = 12

Nodefile

size = 1416,87 MB 784,63 MB after compression
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Initialize upper bound Z = oo, z* void
Add polyhedron P to List L

Is L empty?

~
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Branch & Bound
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N
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‘ Initialize upper bound Z = oo, z* void
Add polyhedron P to List L

. Is L empty?
77

77
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C. Biising

Solving Robust Binary Optimization Problem with Budget Uncertainty 8



Branch & Bound '=" um\‘,‘é%'ﬁ

Initialize upper bound Z = oo, z* void
Add polyhedron P to List L

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 8



Branch & Bound '=" um\‘,‘é%'ﬁ

Initialize upper bound Z = oo, z* void
Add polyhedron P to List L

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 8



Branch & Bound '=" um\‘,‘éﬁs']'%v

Initialize upper bound Z = oo, z* void
Add polyhedron P to List L

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 8



Branch & Bound '=" um\‘,‘éﬁs']'%v

T {Initialize upper bound Z = oo, z* void}

Add polyhedron P to List L
Stop
a* is optimal

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 8



Branch & Bound '=" um\‘,‘éﬁs']'%v

T {Initialize upper bound Z = oo, z* void}

Add polyhedron P to List L
Stop
a* is optimal

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 8



Branch & Bound '=" um\‘,‘é.?s']'%v

T ‘ ‘ {Initialize upper bound Z = oo, z* void}

Add polyhedron P to List L
Stop
a* is optimal

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 8



Branch & Bound '=" um\‘,‘éﬁs']'%v

{Initialize upper bound Z = oo, z* void}

Add polyhedron P to List L
Stop
a* is optimal

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 8



Branch & Bound '=" um\‘,‘é.?s']'%v

{Initialize upper bound Z = oo, z* void}

Add polyhedron P to List L
Stop
a* is optimal

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 8



Branch & Bound '=" um\‘,‘é.?s']'%v

T ‘ {Initialize upper bound Z = oo, z* void}

Add polyhedron P to List L
Stop
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» Robust model performs poorly due to weak
LP-relaxation
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» Robust model performs poorly due to weak
LP-relaxation

» Example: choose element with smallest
weight

min E CiT;

1EN
s.t. Z:L‘Z =1
1EN
xz e {0,1}"
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» Robust model performs poorly due to weak
LP-relaxation

» Example: choose element with smallest
weight for uniform weights

min E CT;

1EN
s.t. Z:L‘Z =1
1EN
z e {0,1}"
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» Robust model performs poorly due to weak
LP-relaxation

» Example: choose element with smallest
weight for uniform weights

» Consider uniform deviations, I' = 1

min E CT;
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» Robust model performs poorly due to weak
LP-relaxation

» Example: choose element with smallest
weight for uniform weights

» Consider uniform deviations, I' = 1
min Z+ZP¢+ZC$1
ieEN ieN

s.t. szzl
1EN
z+p;>cx; VieN
peR" z>0,2e€{0,1}"
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Bad Relaxation

» Robust model performs poorly due to weak
LP-relaxation

» Example: choose element with smallest
weight for uniform weights

» Consider uniform deviations, I' = 1

min z—{—Zpi—l—Zc:Bi

iEN 1eEN
s.t. E ;=1

z+p;>cx; VieN
peR" z>0,2e€{0,1}"

» (1,0,...,0) integer optimal with
solution value ¢+ ¢
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Bad Relaxation

» Robust model performs poorly due to weak » (1,0,...,0) integer optimal with
LP-relaxation solution value c+ ¢

» Example: choose element with smallest > (%, ceey %) continuous optimal
weight for uniform weights with solution value ¢ + %

» Consider uniform deviations, I' = 1

éi{L’i
min Z—i—Zprl-ZC!Ui 1
iEN 1eEN
s.t. Z:L‘ZZI
1EN
z+pi>cx; VieN
peR"2>0,z€{0,1}" iz I N A I I I
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Bad Relaxation

» Robust model performs poorly due to weak » (1,0,...,0) integer optimal with

LP-relaxation solution value c+ ¢
» Example: choose element with smallest > (%, ceey %) continuous optimal

weight for uniform weights with solution value ¢ + %
» Consider uniform deviations, I' = 1 » Influence of uncertainty vanishes

éi{L’i
min z—{—Zpi—l—Zc:Ei "
1EN €N
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1EN
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Bad Relaxation

» Robust model performs poorly due to weak » (1,0,...,0) integer optimal with

LP-relaxation solution value c+ ¢
» Example: choose element with smallest > (%, ceey %) continuous optimal

weight for uniform weights with solution value ¢ + %
» Consider uniform deviations, I' = 1 » Influence of uncertainty vanishes
min z—{—Zpi—l—Zc:Ei "

1EN €N
s.t. Z:I}Z =1
1EN
z+p;>cx; VieN
peR"2>0,z€{0,1}" iz I N A I I I

» Inherent “problem” to robust optimization: diversification
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Problem
min Z—i—Zpi-l—ZCCUi
iEN iEN
s.t. Zx@ =1
iEN

C. Biising

z4+pi>cx; VYieN
peR" 2>0,z € {0,1}"
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Bad Relaxation and B&B ‘e ‘ um@é%%
Node 1
@ min Z—i—Zpi-l—ZCﬂ?i
iEN iEN
s.t. Zx@ =1
iEN
z+pi>cx; YieN

peR" 2>0,z € {0,1}"
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Bad Relaxation and B&B "‘ um@é%%
échr% Node 1
@ min Z—i—Zpi-l—ZCﬂ?i
iEN iEN
s.t. Zx@ =1
iEN

z+pi>cx; YieN
peR" 2>0,z € {0,1}"
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Bad Relaxation and B&B

Node 1
min z—i—ZpH—Zcxi
ieN ieN
s.t. le =1
iEN
z+pi>cx; YieN

peR" 2>0,z € {0,1}"
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Bad Relaxation and B&B
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Node 2
min z—i—ZpH—Zcxi
ieN ieN
s.t. le =1
iEN

z+pi>cx; YieN
peR" 2>0,z € {0,1}"

1‘1:1
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Bad Relaxation and B&B
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Node 2
min z—i—ZpH—Zcxi
ieN ieN
s.t. le =1
iEN

z+pi>cx; YieN
peR" 2>0,z € {0,1}"

1‘1:1

= z* =(1,0,..,0),z* = ¢
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Node 3
min z—i—Zpi—i—Zcxi
ieN ieN
s.t. le =1
iEN

z+pi>cx; YieN
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Node 3
min z—i—ZpH—Zcxi
ieN ieN
s.t. le =1
iEN

z+pi>cx; YieN
peR" 2>0,z € {0,1}"

1‘1:0

* 1 1 * _ ¢
== (0,29, 772" = 75

n—
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Bad Relaxation and B&B

Y ‘ RWTHAACHEN
UNIVERSITY

zZ=c
Ay Node 3

min z—i—Zpi—FZcxi
z=c+¢

iEN iEN
X1 =0
s.t. le =1
. xro = 1
z=c+ 5y <3 — ) ieN

z+pi>cx; YieN
peR" 2>0,z € {0,1}"
O -

= 2" = (0, 14,..., 1), 2"

é

n—1
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Bad Relaxation and B&B

Y ‘ RWTHAACHEN
UNIVERSITY

Z=c+¢é
z=c+ =
1’1:1
1
zZ=c+c¢
.’E1=0
. 1’2:1
Z=c+c¢
.'EQZO
§:c+n22‘5’ (:)
: z=c+¢

Node 2n — 1
min z—i—Zpi—FZcxi
ieN ieN
s.t. §:$i:1
ieN

z+pi>cx; YieN
peR" 2>0,z € {0,1}"

Tr1 = 0,1’2 = 0, ey Ip—1 = 0
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Classical Solution Approaches :' II"u'm@é%ﬁg

min I'z+ Zpi + Z CiT;

iEN ieN
s.t. Ax >
z+p; > cx; VieN
pERLy,z>0,2€{0,1}"
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Classical Solution Approaches ‘= um@é&sﬂ%

Strong Formulations

. » Atamtiirk:
min Iz + Zpi - Z Cili four strong versions
iEN ieN
s.t. Ax >

z+p; > cx; VieN
pERLy,z>0,2€{0,1}"
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Classical Solution Approaches ‘= um@é&sﬂw

Strong Formulations

. > Atamtiirk:
min Iz + Zpi - Z Cili four strong versions
iEN iEN
s.t. Az > b Branch on z
z2+pi > crg Yie N » Bertsimas & Sim:
pEeRYy, z>0,2€{0,1}" n + 1-subproblems

» Hansknecht et. al:
Devide and Conquer

C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 11



A Bilinear Formulation ‘= UN|\li\|IE'\|§s+.I|I%¥

» Atamtiirk Formulations: If the nominal formulation is a-tight then the strongest
formulation is also a-tight for the robust problem [At2006]
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A Bilinear Formulation ‘e um@é%'ﬁ

» Atamtiirk Formulations: If the nominal formulation is a-tight then the strongest
formulation is also a-tight for the robust problem [At2006]
> Relatively small z are sufficient to fulfill p; + z > ¢é;x; for fractional x;
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A Bilinear Formulation % | RWTH

» Atamtiirk Formulations: If the nominal formulation is a-tight then the strongest
formulation is also a-tight for the robust problem [At2006]

> Relatively small z are sufficient to fulfill p; + z > ¢é;x; for fractional x;

» Remedy: multiply z with x; to strengthen the constraint:

min Z cr; + 'z + Zpi
iEN iEN
s.t. Ax > b

re{0,1}",peRE,2>0
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A Bilinear Formulation % | RWTH

» Atamtiirk Formulations: If the nominal formulation is a-tight then the strongest
formulation is also a-tight for the robust problem [At2006]

» Relatively small z are sufficient to fulfill p; + z > ¢&;x; for fractional x;

» Remedy: multiply z with x; to strengthen the constraint:

min Z cr; + 'z + Zpi
iEN iEN
s.t. Ax > b

re{0,1}",peRE,2>0
pi>0forz; =0

» Bilinear constraint is equivalent to )
p; + 2> ¢y for x; = 1
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» Atamtiirk Formulations: If the nominal formulation is a-tight then the strongest
formulation is also a-tight for the robust problem [At2006]

» Relatively small z are sufficient to fulfill p; + z > ¢&;x; for fractional x;

» Remedy: multiply z with x; to strengthen the constraint:

min Z cr; + 'z + Zpi
iEN iEN
s.t. Ax > b

re{0,1}",peRE,2>0
. o ) ; > 0forxz; =0
» Bilinear constraint is equivalent to pi= o
p; + 2> ¢y for x; = 1
Theorem

The above bilinear formulation is stronger than any polyhedral formulation.
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A Bilinear Formulation % | RWTH

» Atamtiirk Formulations: If the nominal formulation is a-tight then the strongest
formulation is also a-tight for the robust problem [At2006]

» Relatively small z are sufficient to fulfill p; + z > ¢&;x; for fractional x;

» Remedy: multiply z with x; to strengthen the constraint:

min Z cr; + 'z + Zpi
iEN iEN
s.t. Ax > b

re{0,1}",peRE,2>0
. o ) ; > 0forxz; =0
» Bilinear constraint is equivalent to pi= o
p; + 2> ¢y for x; = 1
Theorem

The above bilinear formulation is stronger than any polyhedral formulation.

» The bilinear formulation is impractical but the foundation for two new approaches
C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty

12



o . ; %, | RWTHAACHEN
Promising Approaches: Sequence of Nominal Problems - UNIVERSITY
» For fixed z = 2 it holds
pi = (Giwy — 2)" = (& — )Ty
min I'z+ Zpi + Z Cixi
iEN  ieN
s.t. Ax >0
z+p; > cx; VieN

pERYy, 2z = 2 xe{0,1}"
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Promising Approaches: Sequence of Nominal Problems ‘= m&?@é&&%
» For fixed z = 2’ it holds
pi = (G — 2T = (& — )Ty
» Fixing z yields a nominal problem
min Tz + Z(cZ + (& — 2) )y
iEN
s.t. Ax >0
z e {0,1}"
C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty 13



AACHE!

Promising Approaches: Sequence of Nominal Problems ‘= RWFJMVERQ#

» For fixed z = 2’ it holds > The I' largest value ¢;x; is an optimal

Di

= (¢i; — 2t = (¢ — 2') Ty choice for z

» Fixing z yields a nominal problem

min

s.t.

C. Biising

CiT;

AR
A T Ty
A T T
A T T
ZGN AN A vy,

> 20000000005008000007
? 1

x € {0,1}" 1 2 3 4 5 6 7
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AACHEN

Promising Approaches: Sequence of Nominal Problems ‘= RwlﬂVERSITY

» For fixed z = 2/ it holds
pi = (Gixi —2)T = (& — )ty

» Fixing z yields a nominal problem

min

s.t.

C. Biising

2 + Z(Cz + (& — z')+)xi
i€EN

z e {0,1}"

» The I' largest value ¢;z; is an optimal
choice for z

» Z=1{0,¢1,...,¢,} contains an
optimal choice for z

CiT;

7~

RN
Y
Y
SNNINNNNNNANNNNY

Y
NNNNNNNNNNNNNNNAN

|

—_
N
w

4 5 6 7
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AACHEN

Promising Approaches: Sequence of Nominal Problems ‘= R‘NMVERSITY

» For fixed z = 2/ it holds

pi = (G — 2T = (& — )Ty
» Fixing z yields a nominal problem

» Fix z € Z and solve |Z| nominal
problems [BS2003]

min - T2+ (e + (& — )P
€N
s.t. Ax >0

z e {0,1}"

» The I' largest value ¢;z; is an optimal
choice for z

» Z=1{0,¢1,...,¢,} contains an
optimal choice for z

C;T;
~
A AR R0 z
50050005000508000007
5000080000080 00000
50000005000008000007
2000080000008000007
50000005000500000007
500000800000080000700
50000085000508050007
500000800000080000700
50000080000508000007
A A
250000000007
5005008000507
2050000000007
5005008500507
1000008000000
2005004002077

|

—_
N
w

4 5 6 7
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Promising Approaches: Sequence of Nominal Problems ‘= me\li\é%]w

» For fixed z = 2’ it holds > The I' largest value ¢;x; is an optimal
pi = (Cizy — 2T = (& — )Ty choice for z
» Fixing z yields a nominal problem » Z=1{0,¢1,...,¢,} contains an
» Fix z € Z and solve |Z| nominal optimal choice for z
problems [BS2003]
|Z| reducible to [%51] + 1 [LK2014] Cii
I'=3
; N4 N .
min z —|— cz — 2 T z
s.t. Azr>b
z €{0,1} 1 2 3 4 5 6 7
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Promising Approaches: Sequence of Nominal Problems

» For fixed z = 2/ it holds

» The I' largest value ¢;z; is an optimal

pi = (¢x; — 2")T = (¢ — )t choice for z
» Fixing z yields a nominal problem » Z=1{0,¢1,...,¢,} contains an
» Fix z € Z and solve | Z| nominal optimal choice for z
problems [BS2003|
> |Z| reducible to [251] + 1 [LK2014] GiTi
» Prune z on the fly using relations 1 =3

between objective values [HRS2018]

min T2+ (e + (& — 2) )z ] | R —— 2

s.t.

C. Biising

i€EN

> 2500008505057

x € {0,1}" 1 2 3 4 5 6 7

Solving Robust Binary Optimization Problem with Budget Uncertainty

13



Using Bounds on z :. RWM‘%\%I%Q

» an optimal z € {0,¢1,...,¢,} exists
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Using Bounds on z Y UN|\I}€|QSI:I|I%¥

» an optimal z € {0,¢1,...,¢,} exists
> fixing z yields nominal problem
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Using Bounds on z Y ‘ um@é&sﬂ%

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n 4+ 1 nominal problems [BS2003|
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Using Bounds on z Y ‘ um@é&sﬂ%

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n 4+ 1 nominal problems [BS2003|
» n + 1 may be too large for brute enumeration
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Using Bounds on z Y ‘ um@é&sﬂw

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n 4+ 1 nominal problems [BS2003|
» n + 1 may be too large for brute enumeration = bound z instead of fixing it
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Using Bounds on z Y ‘ um@é&sﬂw

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n 4+ 1 nominal problems [BS2003|
» n + 1 may be too large for brute enumeration = bound z instead of fixing it

» consider feasible values of
pi, z for fixed z; € (0,1)
i
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Using

¥ | RWTHAACHEN
Bounds on z " ‘ UNIVERSITY

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n + 1 nominal problems [BS2003]
> n + 1 may be too large for brute enumeration = bound z instead of fixing it

» consider feasible values of P original constraint p; > é&x; — z
pi, z for fixed z; € (0,1)
pi

C. Biising
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Using Bounds on z e ‘ Uulolls\%]%\l

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n + 1 nominal problems [BS2003]
> n + 1 may be too large for brute enumeration = bound z instead of fixing it

» consider feasible values of P original constraint p; > é&x; — z

i, 2 for fixed x; € (0,1) > bilinear constraint p; > ¢x; — Tz
pi
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Using Bounds on z ‘= ‘ RWTH

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n 4+ 1 nominal problems [BS2003|
» n + 1 may be too large for brute enumeration = bound z instead of fixing it

» consider feasible values of > Di > CiTi — 2
pi, z for fixed z; € (0,1) > pi > G — T2

i . _
P> assume we are given bounds z < 2z < Z

R

0 = Ci; i
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Using Bounds on z Y ‘ um@é&sﬂw

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n 4+ 1 nominal problems [BS2003|
» n + 1 may be too large for brute enumeration = bound z instead of fixing it

» consider feasible values of > p; > Gy — 2
pi, z for fixed z; € (0,1) > D> G — Tz

i . —
P> assume we are given bounds z < 2z < Z

» we linearize the bilinear constraint to

él.Tl‘ 1

pi> (G —z)ri+z—2 (1)

W)
o

0 2 CiTi
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Using Bounds on z ‘= ‘ RWTH

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n 4+ 1 nominal problems [BS2003|
» n + 1 may be too large for brute enumeration = bound z instead of fixing it

» consider feasible values of > Di > CiTi — 2
pi, z for fixed z; € (0,1) > pi > Gy — 102
Di . —
P> assume we are given bounds z < 2z < Z
A » we linearize the bilinear constraint to
Citi
pi> (6 —2)xi+2—2 (1)
and
T T T ™ Z pl =z (él n E)I]Z’Z (2)
0 = Ci; z i
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Using Bounds on z ‘= ‘ RWTH

» an optimal z € {0,¢1,...,¢,} exists
» fixing z yields nominal problem = solve n 4+ 1 nominal problems [BS2003|
» n + 1 may be too large for brute enumeration = bound z instead of fixing it

» consider feasible values of > Di > CiTi — 2

pi, z for fixed z; € (0,1) > pi > G — T2
Di . —
P> assume we are given bounds z < 2z < Z

» we linearize the bilinear constraint to
pi> (G —2)xi+z—2 (1)

and

pi > (& —Z)x; (2)

T T T ™ 2
0 2 i z éi

Proposition

Inequalities (1) and (2) approximate the bilinear one and are equally strong if

z € {2,Z}.
C. Biising Solving Robust Binary Optimization Problem with Budget Uncertainty

14



Branch & Bound =' UN“I}E%-II%

» let Z ={z1,..., 2} contain an
optimal value for z
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Branch & Bound S | FONTERECHEN
» let Z ={z1,..., 2} contain an
optimal value for z
» idea: branch on Z to find promising
values for z
15
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Branch & Bound S | FONTERECHEN
» let Z ={z1,..., 2} contain an TR
optimal value for z 2€[z1,24]
» idea: branch on Z to find promising
values for z
» solve LP-relaxation
15
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Branch & Bound Ya

RWTHAACHEN

UNIVERSITY

let Z ={z1,...,2,} contain an T
optimal value for z 2€[z1,24]

idea: branch on Z to find promising

< >
values for z P e

solve LP-relaxation
{#1,...,23} {24,021}

branch and restrict z to new domains 2€[z1,23] z€[24,2k]
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Branch & Bound Y« | RWTH

> let Z ={z1,...,2,} contain an T
optimal value for z 2€[z1,24]
» idea: branch on Z to find promising
values for z pi 2 (& = z3)@i pi+ 2> (6 — 24)xi + 2
» solve LP-relaxation
) i {#1,.s23} {z4, 21}
» branch and restrict z to new domains 2€[z1,23] 2€|z4,2x]

» apply stronger linearization using new
bounds z,Z
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Branch & Bound % | RWTH

>

vy

let Z={z1,..., 2} contain an
optimal value for z 2€[z1,24]

{21,121}

idea: branch on Z to find promising

. > (6 — .
values for 2 pi+ 22> (6 — 24)wi + 24

pi > (& — 23)2;

solve LP-relaxation
{z1,...,23} {za,-,21}

branch and restrict z to new domains #€lz1,23) 2€[z4,2]
apply stronger linearization using new

bounds z,%z pi+2 > (& — 26)m; + 2
=

pi > (& — 25)2;

[ {Z4,Z5} ] [ {ZGvZk} ]
2€[z4,25) 2€[z6,2k)
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>

vy

let Z={z1,..., 2} contain an
optimal value for z 2€[z1,24]

{21,121}

idea: branch on Z to find promising

. > (6 — .
values for 2 pi+ 22> (6 — 24)wi + 24

pi > (& — 23)2;

solve LP-relaxation
{z1,...,23} {za,-,21}

branch and restrict z to new domains #€[21,23] z€lz4,21)
apply stronger linearization using new

bounds z,%z pi+2 > (& — 26)m; + 2
=

pi > (& — 25)2;

solve integer subproblem once bilinear

Lo .. {z4,25} {z6,21}
formulation is sufficiently 2€[24,25) 2€26,21]
approximated
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>

vy

let Z={z1,..., 2} contain an
optimal value for z 2€[z1,24]

{21,121}

idea: branch on Z to find promising

. > (6 — .
values for 2 pi+ 22> (6 — 24)wi + 24

pi > (& — 23)2;

solve LP-relaxation
{z1,...,23} {za,-,21}

branch and restrict z to new domains #€[21,23] z€lz4,21)
apply stronger linearization using new

bounds z,%z pi+2 > (& — 26)m; + 2
=

pi > (& — 25)2;

solve integer subproblem once bilinear

Lo .. {z4,25} {z6,21}
formulation is sufficiently 2€[24,25) 2€26,21]
approximated

advantages:
» stronger LP-relaxations in subproblems
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Branch & Bound Yo | RWTH

>

vy

let Z={z1,..., 2} contain an
optimal value for z 2€[z1,24]

{21,121}

idea: branch on Z to find promising

. > (6 — .
values for 2 pi+ 22> (6 — 24)wi + 24

pi > (& — 23)2;

solve LP-relaxation
{z1,...,23} {za,-,21}

branch and restrict z to new domains #€[21,23] z€lz4,21)
apply stronger linearization using new

bounds z,%z pi+2 > (& — 26)m; + 2
=

pi > (& — 25)2;

solve integer subproblem once bilinear

Lo .. {z4,25} {z6,21}
formulation is sufficiently 2€[24,25) 2€26,21]
approximated

advantages:

» stronger LP-relaxations in subproblems
» fast pruning of non-optimal z
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Branch & Bound Yo | RWTH

>

vy

let Z={z1,..., 2} contain an
optimal value for z 2€[z1,24]

{21,121}

idea: branch on Z to find promising

. > (6 — .
values for 2 pi+ 22> (6 — 24)wi + 24

pi > (& — 23)2;

solve LP-relaxation
{z1,...,23} {za,-,21}

branch and restrict z to new domains #€[21,23] z€lz4,21)
apply stronger linearization using new

bounds z,%z pi+2 > (& — 26)m; + 2
=

pi > (& — 25)2;

solve integer subproblem once bilinear

Lo .. {za,25} {z6,2}
formulation is sufficiently 2€[24,25) 2€26,21]
approximated

advantages:
» stronger LP-relaxations in subproblems
» fast pruning of non-optimal z
» bounds on z yield many more structural properties
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» so far: non-linearize problem, branch on continuous variable z
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» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)
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» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)

» there are many more structures to use
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» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)

» there are many more structures to use

> observation: feasibility of x € {0,1}" is independent of z
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» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)

» there are many more structures to use

> observation: feasibility of x € {0,1}" is independent of z
1. possibility to draw conclusions between different subproblems
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Observations

» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)

» there are many more structures to use

> observation: feasibility of x € {0,1}" is independent of z

1. possibility to draw conclusions between different subproblems
(super interesting, but no time for that ®)
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» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)

» there are many more structures to use

> observation: feasibility of x € {0,1}" is independent of z
1. possibility to draw conclusions between different subproblems
(super interesting, but no time for that ®)

2. x € {0,1}"™ can be optimal for subproblems with z € [z,Z], but z might not be
optimal for x
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(super interesting, but no time for that ®)
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Observations Sa | RWTH

» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)

» there are many more structures to use

> observation: feasibility of x € {0,1}" is independent of z
1. possibility to draw conclusions between different subproblems
(super interesting, but no time for that ®)

2. x € {0,1}"™ can be optimal for subproblems with z € [z,Z], but z might not be
optimal for x

[z Z]—— =
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Observations Sa | RWTH

» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)

» there are many more structures to use

> observation: feasibility of x € {0,1}" is independent of z
1. possibility to draw conclusions between different subproblems
(super interesting, but no time for that ®)

2. x € {0,1}"™ can be optimal for subproblems with z € [z,Z], but z might not be

optimal for x

optimal

N

[z Z]—— =

X
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Observations Sa | RWTH

» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)

» there are many more structures to use

> observation: feasibility of x € {0,1}" is independent of z
1. possibility to draw conclusions between different subproblems
(super interesting, but no time for that ®)

2. x € {0,1}"™ can be optimal for subproblems with z € [z,Z], but z might not be

optimal for x
x
/ '\

optimal optimal

- N

[z 7] [z Z]——=
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Observations Sa | RWTH

» so far: non-linearize problem, branch on continuous variable z (spatial B&B-ish)

» there are many more structures to use

> observation: feasibility of x € {0,1}" is independent of z
1. possibility to draw conclusions between different subproblems
(super interesting, but no time for that ®)

2. x € {0,1}"™ can be optimal for subproblems with z € [z,Z], but z might not be

optimal for x
x
/ '\

optimal optimal

- N

[z 7] [z Z]——=

prohibiting x for z € [z, %] leads to better dual bounds
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Optimality-Cuts Y UNI\%I%II%

> let z € [z,Z] be optimal for
z e {0,1}"
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Optimality-Cuts

C. Biising

v, | RWTHAACHEN
UNIVERSITY

> let z € [z,Z] be optimal for
z e {0,1}"
» 2 between I" and ' 4 1 largest ¢;x;

Ci;

A~

200 0000000400077 z
(00000000000400007

A VA

(2000000 000000007
AR
17000000000400000 E—
2000 0000000422007
(0000000000400007

/200 0020200402577
(00000000000400007

P20 000000080007

,_.
)
w
~
(&)
o
~
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» there exist at most I indices ¢ € N > let z € [z,Z] be optimal for
with ¢;xz; > = T € {0, 1}71,
> 2 between I and I' 4+ 1 largest ¢;x;
E ZT; <Tr R
- Gy
IEN:C;>Z N
I'=3
» assume 0 < z < z, then there exist at
least I' indices ¢ € N with ¢;z; > =
AT z
> =T S
1EN:¢>2 S

Theorem
There is an optimal z € [z,Z] for x € {0,1}" iff the above inequalities are fulfilled.
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> Additional engineering
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» Tested algorithm for robustified instances of MIPLIB 2017
» 67 suitable basic instances remained after filtering
» Several instances of different uncertainty levels per basic instance
> “State-of-the-art” algorithms for comparison
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» Bertsimas Sim standard reformulation, cutting-plane approach, Atamtiirk’s
formulations, | Z| nominal subproblems, Divide & Conquer [HRS2018]
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» let CNOM (CROB Ko the convex hulls of the nominal and robust problems

> we call an inequality ), miz; < mo recyclable if it is valid for CNOM and 7 >0

Theorem
Let ), .y mix; < mo be a recyclable inequality. Then the recycled inequality

Zmpz’ + 2mo > Z TiCil

1EN 1EN

is valid for CROB,
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Recycling Valid Inequalities Ya | RWTH

» let CNOM (CROB Ko the convex hulls of the nominal and robust problems

> we call an inequality ), miz; < mo recyclable if it is valid for CNOM and 7 >0

Theorem

Let ) . N mix; < mo be a recyclable inequality. Then the recycled inequality
D mpi+amo > > mibix
iEN ieN

is valid for CROB.

Proof: sum all bilinear constraints with coefficients 7 (valid due to = > 0)

Zm(pi +xi2) > Zmézl‘z

iEN €N

C. 