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Problem description Remanufacturing production system
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Problem description Remanufacturing production system

Sources of uncertainty

returns

used

products

0

0

DISASSEMBLY

discarded

products

1

...

i

...

I

recoverable

parts

REFURBISHING

discarded

parts

1

p

P

I + 1

...

I + i

...

2I

serviceable

parts

REASSEMBLY

P + 1
2I + 1

remanufactured

products

demand

demandreturns

yield

Ilgin and Gupta [2010], Lage Junior and Filho [2012], Lage Junior and Filho [2016]

F. Quezada, USACH-ENSTA 29ème Séminaire POC 5 / 49
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Multi-stage stochastic programming approach Multi-stage decision process

Multi-stage stochastic programming

Assumption

Not all decisions have to be made before uncertainty realization.

Some can be postponed to a future point in time.

Dynamic multi-stage decision process
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Ĵ












�

s

s

s

4

3

2

-HH
HHj

�
���*

-HHHHj

�
���*

-
HHHHj

����*

ss
ss
ss
ss
s

13

12

11

10

9

8

7

6

5

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

ssss
ssss
ssss
ssss
ssss
ssss
sss

40
39
38

37
36
35

34
33
32

31
30
29

28
27
26

25
24
23

22
21
20

19
18
17

16
15
14

Scenario tree is defined by a set of V nodes.

F. Quezada, USACH-ENSTA 29ème Séminaire POC 8 / 49
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Multi-stage stochastic programming approach Extensive formulation

Decision variables

for every node n ∈ V:

returns

used

products

Sn
0

X n
0 ,Y

n
0

DISASSEMBLY

W n
0

Sn
1

...

Sn
i

...

Sn
I

recoverable

parts

REFURBISHING

W n
1

W n
i

W n
I

X n
1 ,Y

n
1

X n
p ,Y

n
p

X n
P ,Y

n
P

Sn
I+1

...

Sn
I+i

...

Sn
2I

serviceable

parts

REASSEMBLY

X n
P+1,Y

n
P+1

Sn
2I+1

remanufactured

products

demand

Ln

F. Quezada, USACH-ENSTA 29ème Séminaire POC 9 / 49
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Cutting-plane generation approach Path and Tree Inequalities

Path inequalities

t

1 2 3 4

s
1J
J
J
J
J
J














s

s

s

4

3

2

HH
HH

�
���

HHHH

����

H
HHH

��
��

ss
ss
ss
ss
s

13

12

11

10

9

8

7

6

5

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

ssss
ssss
ssss
ssss
ssss
ssss
sss

40
39
38

37
36
35

34
33
32

31
30
29

28
27
26

25
24
23

22
21
20

19
18
17

16
15
14 r1 r2 r7 r20

d1-L1 d2-L2 d7-L7 d20-L20

X 1 X 2 X 7 X 20

S1 S2 S7 S20

E 1 E 2 E 7 E 20

Given k = 1 and a subset U = {2, 20}.
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(dn−Ln)

E k +
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Y n

∑
v∈U:v≥t
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∑
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(dn − Ln)
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E k
p+I ≥

∑
n∈U

[
dn(1−

∑
ν∈P(k,n)

Y ν
p − Ln)]

where:

P(n,m): path between node n and m in the
scenario tree

Separation
Polynomial in O(|V|2)

Key point in practice
Careful selection of the valid inequalities to be
added to the formulation
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Cutting-plane generation approach Path and Tree Inequalities

Path inequalities

t

1 2 3 4

s
1J
J
J
J
J
J














s

s

s

4

3

2

HH
HH

�
���

HHHH

����

H
HHH

��
��

ss
ss
ss
ss
s

13

12

11

10

9

8

7

6

5

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

((((
hhhh

ssss
ssss
ssss
ssss
ssss
ssss
sss

40
39
38

37
36
35

34
33
32

31
30
29

28
27
26

25
24
23

22
21
20

19
18
17

16
15
14 Let k be a non-leaf node and l be a leaf node. Let

U ∈ P(k, l).

E k
p+I ≥

∑
n∈U

[
dn(1−

∑
ν∈P(k,n)

Y ν
p − Ln)]

where:

P(n,m): path between node n and m in the
scenario tree

Separation
Polynomial in O(|V|2)

Key point in practice
Careful selection of the valid inequalities to be
added to the formulation

F. Quezada, USACH-ENSTA 29ème Séminaire POC 16 / 49
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Two main ingredients:

For each k ∈ V, we search for:

→ the most violated valid inequality.

→ avoiding the addition of inequalities involving
similar subsets of set-up variables.

Advantages:

→ all valid inequalities are still potentially
considered for inclusion in the formulation.

→ the separation problem is solved exactly.
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We follow the procedure proposed by Guan et al.
[2009]

Let k ∈ V be a non-leaf node and U ∈ V(k).

EI k +
∑
ν∈U

Lν +
∑

µ∈V(k)\{k}

ϕµY µ ≥
∑

ν∈Uσ|L(k)|

dν
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Cutting-plane generation approach Numerical results

Instances Generation and Branch-and-cut algorithms

Random generation based on the
numerical values used by [Ahn et al,
2011] and [Jayaraman, 2006]

All the parameters are defined
by discrete uniform distribution
DU(Lj ,Uj)

16 different structures of
scenario tree resulting in a
total of 1440 instances

Time limit of 900 seconds.

Branch-and-Cut algorithms:

CPLEX: the generic branch-and-cut
algorithm embedded in CPLEX 12.8.

Path and Tree: a customized
branch-and-cut algorithm using the
(k,U) Path inequalities and the newly
introduced (k,U) Tree inequalities to
strengthen the echelon-stock
formulation.
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Cutting-plane generation approach Numerical results

Numerical results

Instances CPLEX default Path and Tree

I Nodes GapLP GapMIP Time # Opt GapLP GapMIP Time # Opt

5
381

11.33 0.15 786.34 119 1.67 0.05 564.96 340

1022

11.04 0.45 900.29 0 1.71 0.31 900.24 3

10
381

7.92 0.30 897.49 9 1.20 0.19 817.73 103

1022

10.17 3.11 901.38 0 1.38 0.84 900.91 0

1365

15.67 11.02 900.49 0 1.84 1.11 900.85 0

- Total of 3600 randomly generated instances
- Average values for 720 randomly generated instances
- Resolution with CPLEX 12.6.1 on a PC running under Windows 10, Intel Core i7, 8 GB of RAM
- Time limit : 900s

- Results published in Computers & Operations Research. Quezada et al. [2020].

F. Quezada, USACH-ENSTA 29ème Séminaire POC 21 / 49



Cutting-plane generation approach Numerical results

Numerical results

Instances CPLEX default Path and Tree

I Nodes GapLP GapMIP Time # Opt GapLP GapMIP Time # Opt

5
381 11.33 0.15 786.34 119

1.67 0.05 564.96 340

1022 11.04 0.45 900.29 0

1.71 0.31 900.24 3

10
381 7.92 0.30 897.49 9

1.20 0.19 817.73 103

1022 10.17 3.11 901.38 0

1.38 0.84 900.91 0

1365 15.67 11.02 900.49 0

1.84 1.11 900.85 0

- Total of 3600 randomly generated instances
- Average values for 720 randomly generated instances
- Resolution with CPLEX 12.6.1 on a PC running under Windows 10, Intel Core i7, 8 GB of RAM
- Time limit : 900s

- Results published in Computers & Operations Research. Quezada et al. [2020].

F. Quezada, USACH-ENSTA 29ème Séminaire POC 21 / 49
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Stochastic dual dynamic programming approach

1 Problem description

2 Multi-stage stochastic programming approach
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SDDiP algorithm
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Illustration of extSDDiP
Numerical results
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Stochastic dual dynamic programming approach SDDiP algorithm

SDDiP algorithm

- First introduced by Pereira and Pinto
[1991]

- Key assumption: stage-wise independent
process

ξt is independent of ξ1, . . . , ξt−1

for t = 2, ...,T

- Recombining scenario tree

- Polyhedral recourse function in LP
setting.
→ Benders’ cuts.

However, we are trying to solve an MILP.

Zou et al. [2019] introduced the SDDiP
algorithm.

- Key Assumption: Binary state variables

-Our contribution:

→ We propose a new extension of the

SDDiP algorithm for solving multistage

stochastic lot-sizing problems.
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Stochastic dual dynamic programming approach SDDiP algorithm

Dynamic programming formulation: a full decomposition
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Stochastic dual dynamic programming approach SDDiP algorithm

Dynamic programming formulation: a full decomposition

For each node n ∈ V:

Qn(sa
n
) := min

∑
p∈J

f np Y
n
p +

∑
i∈I

hni S
n
i + lnLn +

∑
i∈Ir∪{0}

qni W
n
i + gnX n

0 +
∑

m∈C(n)
ρnmQm(Sn)

subject to:

X n
p ≤ Mn

pY
n
p ∀p ∈ J

Sn
0 = San

0 + rn − X n
0 −W n

0

Sn
i = San

i + πn
i αiX

n
0 − X n

i −W n
i ∀i ∈ Ir

Sn
i = San

i + X n
i−I − αiX

n
I+1 ∀i ∈ Is

Sn
2I+1 = San

2I+1 + X n
I+1 − dn + Ln

Sn
i ≥ 0 ∀i ∈ I

Ln ≥ 0

X n
p ≥ 0,Y n

p ∈ {0, 1} ∀p ∈ J
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Stochastic dual dynamic programming approach SDDiP algorithm

Reformulation to use SDDiP

For each node n ∈ V:
Qn(ua

n
) := minF n(X n,Y n, Sn,W n, Ln) +Qt(un)

subject to:
(X n,Y n, Sn,W n, Ln) ∈ X n

Sn
i =

∑
λ∈B

2λun,λi ∀i ∈ I

San

i =
∑

λ∈B
2λzn,λi ∀i ∈ I

zn,λi = ua
n,λ

i ∀λ ∈ B

un,λi ∈ {0, 1} ∀i ∈ I,∀λ ∈ B

zn,λi ∈ (0, 1) ∀i ∈ I,∀λ ∈ B

Subproblems involve a larger number of binary variables
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Stochastic dual dynamic programming approach Extended SDDiP algorithm

Approximate subproblems

For each node n ∈ V:
Qn(San ) := minF n(X n,Y n, Sn,W n, Ln) +Qt(Sn)

subject to:

(X n,Y n, Sn,W n, Ln) ∈ X n

σn
i = San

i ∀i ∈ I
σn
i ≥ 0 ∀i ∈ I

X n, Sn,W n, Ln ≥ 0;Yn ∈ {0, 1}

Approximation of Qt(·) by Strengthened Benders’ Cuts
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Stochastic dual dynamic programming approach Extended SDDiP algorithm

Strengthened Benders’ Cuts

For each node n ∈ V:
R̂n(San ) := min

y,x,s,σ
F n(X n,Y n, Sn,W n, Ln) +

∑
i∈I

πn
i (S

an

i − σn
i ) + ψt(Sn)

subject to:

(X n,Y n, Sn,X n, Ln) ∈ X n

σn
i ≥ 0 ∀i ∈ I

ψn
i (u

n) := min{θn : θn ≥
∑

m∈C(n)
ρnm(vm

l + (πm
l )⊺σn)} ∀l = 1, ..., i − 1

X n, Sn,W n, Ln ≥ 0;Yn ∈ {0, 1}
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Stochastic dual dynamic programming approach Extended SDDiP algorithm

Dynamic programming formulation: a partial
decomposition
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Stochastic dual dynamic programming approach Extended SDDiP algorithm

Dynamic programming formulation: a partial
decomposition

For each node η ∈ ℧:

Qη(sa
η
) := min

∑
n∈Wη

ρnF n(X n,Y n, Sn,W n, Ln) +
∑

ℓ∈L(η)

∑
m∈C(ℓ)

ρnmQm(Sℓ)

subject to:

(X n,Y n, Sn,W n, Ln) ∈ X n ∀n ∈ Wη

X n, Sn,W n, Ln ≥ 0 ≥ 0,Y n
p ∈ {0, 1} ∀p ∈ J , n ∈ Wη
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Dynamic programming formulation: a partial
decomposition

For each node η ∈ ℧:

Qη(sa
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(X n,Y n, Sn,W n, Ln) ∈ X n ∀n ∈ Wη

X n, Sn,W n, Ln ≥ 0 ≥ 0,Y n
p ∈ {0, 1} ∀p ∈ J , n ∈ Wη

Decomposes the original problem into a series of small stochastic sub-problems

Advantages:

Reduced number of expected cost-to-go functions to approximate.

Forward solution of better quality.

Disadvantages:

Larger size of subproblems.
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Stochastic dual dynamic programming approach Extended SDDiP algorithm

Additional Strengthened Benders’ Cuts

For each node η ∈ ℧:

R̂n(San ) := min
∑

n∈Wη

ρnF n(X n,Y n, Sn,W n, Ln) +
∑

ℓ∈L(η)

ψt(Sℓ)

subject to:

(X n,Y n, Sn,W n, Ln) ∈ X n ∀n ∈ Wη

ση
p = Saη

p ∀p ∈ I

ση
p ≥ 0 ∀p ∈ I

Sk
p ≥

∑
n∈U

[
dn(1−

∑
ν∈P(k,n)

Y ν
p − Ln

)
] ∀U ∈ P(k, l), k, l ∈ Wη

ψℓ(Sℓ) := min{θℓ : θℓ ≥
∑

m∈C(n)
ρnm(vm

l + (πm
l )⊺σℓ)} ∀l = 1, ..., i

X n, Sn,W n, Ln ≥ 0;Y n ∈ (0, 1) ∀p ∈ I, n ∈ Wη
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Leads to a better approximation of the expected cost-to-go functions in practice.
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Stochastic dual dynamic programming approach Extended SDDiP algorithm

Illustrative example

0 10 20 30

600

800

θ1 ≥ 887.88− 26.18sℓ

θ1 ≥ 882.55− 25.40sℓ

θ1 ≥ 682.18− 8.24sℓ

Figure: Illustration of different SB cuts.
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Stochastic dual dynamic programming approach Illustration of extSDDiP

Illustration of extSDDiP

At each iteration i :

Sampling step
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Illustration of extSDDiP

At each iteration i :

Sampling step

Forward step

Qη
i (S

aη

i ) :=

min
∑

n∈Wη

ρnF n(X n,Y n, Sn,W n, Ln)

+
∑

ℓ∈L(η)

ψt
i (S

ℓ)
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Backward step

→ Cutting-plane generation phase.

ψ2
i (·)
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ρnF n(X n,Y n, Sn,W n, Ln)

+
∑

ℓ∈L(η)

ψt
i (S

ℓ)

Backward step
→ Cutting-plane generation phase.

ψt
i (S

ℓ) := min{θℓ :

θℓ ≥
∑

m∈C(ℓ)
ρℓm(vm

l + (πm
l )⊺Sℓ)}

ψ2
i (·)

Output: Lower and Upper bound
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Stochastic dual dynamic programming approach Numerical results

Instances Generation and SDDiP algorithms

Random generation based on the
numerical values used by Guan et al.
[2009]

All the parameters are defined
by discrete uniform distribution
DU(Lj ,Uj)

6 different structures of
scenario tree leading to
scenario trees involving
between 1000 and 3.2 million
scenarios.

A total of 480 instances.

Time limit of 7200 seconds.

SDDiP algorithms:

SDDiP: SDDiP algorithm proposed
by Zou et al. [2019].

AppSDDiP: SDDiP algorithm using
a full decomposition with
continuous state variables.

ExtSDDiP: The proposed extended
SDDiP algorithm using a partial
dynamic decomposition.
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Numerical results

Instance CPLEX SDDiP AppSDDiP ExtSDDiP

Σ R b #Scen Gap (Time) Gap (Time) Gap (Time) Gap (Time)
4 10 1 1,000

0.24 (6,513) 23.55 (4,306) 7.46 (1,358) 1.18 (1,956)

20 1 8,000

1.57 (7,201) 22.88 (4,202) 6.98 (1,974) 4.70 (3,463)

6 10 1 100,000

68.27 (7,217) 30.37 (5,641) 8.81 (2,513) 5.61 (4,579)

20 1 3,200,000

- ( - ) 35.67 (5,608) 9.83 (3,664) 7.59 (4,814)

8 5 2 78,125

93,48 (7,236) 47.76 (7,151) 9.11 (3,929) 5.64 (4,579)

5 5 78,125

- ( - ) 41.74 (7,222) 6.68 (3,815) 4.11 (5,884)

12 3 1 177,000

91,33 (7,243) 51.04 (7,207) 11.00 (3,313) 6.29 (3,595)

3 3 177,000

- ( - ) 55.60 (7,230) 9.72 (3,607) 5.65 (5.987)

Average

50.98 (5,638) 38.57 (6,071) 8.70 (3021) 5.10 (4357)

- Total of 480 randomly generated instances
- Average values for 60 randomly generated instances
- Resolution with CPLEX 12.8
- Time limit : 7200s

- Results published in International Journal of Production Research. [Quezada et al., 2023]
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Stochastic dual dynamic programming approach Numerical results

Numerical results

Instance CPLEX SDDiP AppSDDiP ExtSDDiP

Σ R b #Scen Gap (Time) Gap (Time) Gap (Time) Gap (Time)
4 10 1 1,000 0.24 (6,513) 23.55 (4,306) 7.46 (1,358)

1.18 (1,956)

20 1 8,000 1.57 (7,201) 22.88 (4,202) 6.98 (1,974)

4.70 (3,463)

6 10 1 100,000 68.27 (7,217) 30.37 (5,641) 8.81 (2,513)

5.61 (4,579)

20 1 3,200,000 - ( - ) 35.67 (5,608) 9.83 (3,664)

7.59 (4,814)

8 5 2 78,125 93,48 (7,236) 47.76 (7,151) 9.11 (3,929)

5.64 (4,579)

5 5 78,125 - ( - ) 41.74 (7,222) 6.68 (3,815)

4.11 (5,884)

12 3 1 177,000 91,33 (7,243) 51.04 (7,207) 11.00 (3,313)

6.29 (3,595)

3 3 177,000 - ( - ) 55.60 (7,230) 9.72 (3,607)

5.65 (5.987)

Average 50.98 (5,638) 38.57 (6,071) 8.70 (3021)

5.10 (4357)

- Total of 480 randomly generated instances
- Average values for 60 randomly generated instances
- Resolution with CPLEX 12.8
- Time limit : 7200s

- Results published in International Journal of Production Research. [Quezada et al., 2023]

F. Quezada, USACH-ENSTA 29ème Séminaire POC 42 / 49
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Conclusion and Perspectives

Two approaches:

Branch-and-cut algorithm
→ New sets of effective valid inequalities

Advantages:

→ Exact solution for small-size scenarios trees.
→ No assumptions on the stochastic parameters.

Disadvantages:

→ Poor performance (or impractical) for large-size scenario trees.

Stochastic dual dynamic programming algorithm.
→ New dynamic programming decomposition
→ New cuts strategy to approximate expected cost-to-go functions.

Advantages:

→ Near-optimal solutions for large-size scenario trees.
→ Better approximation of expected cots-to-go functions through additional

strengthened Benders’ cuts.

Disadvantages:

→ Stage-wise independence assumption.
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Franco Quezada, Céline Gicquel, and Safia Kedad-Sidhoum. A stochastic dual dynamic
integer programming based approach for remanufacturing planning under uncer-
tainty. International Journal of Production Research, 61(17):5992–6012, 2023. doi:
10.1080/00207543.2022.2120924. URL https://doi.org/10.1080/00207543.2022.

2120924.

Jikai Zou, Shabbir Ahmed, and Xu Andy Sun. Stochastic dual dynamic integer program-
ming. Mathematical Programming, 175(1):461–502, 2019.

F. Quezada, USACH-ENSTA 29ème Séminaire POC 49 / 49
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