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1 Introduction

When studying controlled continuous-time Markov chains, two approaches are known. If the
(randomised) action can be changed only at the jump epochs, the model is called ESMDP
[5, 8, 15]. Starting from [15], another construction based on the article by Jacod [14] became more
popular [6, 9, 10, 16, 19]. The latter model is currently called continuous-time MDP (CTMDP).
What is important, CTMDP does not cover ESMDP in the sense that randomised, but constant
during the sojourn times, actions cannot be described in the framework of traditional CTMDP.
The deep connection between CTMDP and ESMDP for the total discounted cost was studied
in [5], but again the author had to introduce those models separately. It looks more appropriate
to build one model, but with wider class of strategies in such way that some strategies (called
below ‘randomised’) correspond to ESMDP, and the others (called ‘relaxed’) correspond to the
standard strategies in CTMDP. This plan was realised in [20], and the current paper provides
some new insights on that model.

It is worth emphasising that the realisations of a relaxed strategy are usually impossible on
practice. For a discussion, see [6, p.78|. Roughly speaking, if the decision maker wants to use
two actions with non-zero probabilities at each time moment, then the trajectories of the control
process are not measurable. On the opposite, randomised strategies are clearly implementable.

In difference from [5, 6], we consider the total undiscounted cost which transforms to the
discounted cost in a special case. What is new and important, the simple randomised strategies
(called below ‘Markov standard &-strategies’) are no more sufficient in general even if there
are no constraints (see Section 5 ‘Example’). At the same time, the new class of randomised
strategies (called below ‘Poisson-related’) turns to be sufficient without any restrictions in the
framework of constrained optimisation. This makes it possible to prove the equivalence of the
continuous-time problem with the corresponding discrete-time MDP, where transitions to the
same state (loops) are allowed. Remember that in simple cases that equivalence was known
long ago through the so called uniformisation technique [22] which is not directly applicable
if the transition rate is unbounded. In the case of discounted cost, the transformation to the
discrete-time MDP was justified in [6] without any restrictive conditions.

In Section 2, we introduce the model under study and describe the general and particular
classes of strategies. Note that the transition rate may be arbitrarily unbounded and non-
conservative. The process is studied up to the accumulation of jumps (if it takes place). In



Sections 3 and 4, the main theoretical results regarding to occupation measures are presented.
An example illustrating the theoretical issues is given in Section 5. In Section 6, we show how
one can use the modern theory of discrete-time MDP for solving the underlying (constrained)
continuous-time problems. The proofs are postponed to Appendix.

2 Model Description

The following notations are frequently used throughout this paper. N is the set of natural
numbers including zero; 0 (-) is the Dirac measure concentrated at x, we call such distributions
degenerate; I{-} is the indicator function. B(FE) is the Borel o-algebra of the Borel space E, P(E)
is the Borel space of probability measures on E. Fj\/ F2 is the smallest o-algebra containing
the two o-algebras Fi and Fo. Ry 2 (0,00), RY 2 [0,00), R = [~00,+00], Ry = (0,00,
R& = [0,00]. The abbreviation w.r.t. (resp. a.s.) stands for “with respect to” (resp. “almost
surely”); for b,d € R, b A d = min{b,d}, b" 2 max{b,0} and b~ 2 min{b,0}. Capital letters
denote random variables, and little letters are for their values.

The primitives of a continuous-time Markov decision process (CTMDP) are the following
elements.

e State space: (X, B(X)) (arbitrary Borel).

e Action space: (A,B(A)) (arbitrary Borel), A(z) € B(A) is the non-empty space of ad-

missible actions in state x € X. It is supposed that K 2 {(z,a) e X xA: a€ Ax)} €
B(X x A) and this set contains the graph of a measurable function from X to A.

e Transition rate: ¢(dy|z,a), a signed kernel on B(X) given (z,a) € K, taking nonneg-
ative values on I'x \ {z} with I'x € B(X). We assume that ¢(X|z,a) < 0 and ¢, =
A
SUPge A (z) ¢z (@) < 00, where q:(a) = —q({z}|z, a).

e Cost rates: measurable R-valued functions ¢;(z,a) on K, i = 0,1,2,..., N.
e Initial distribution: 7(-), a probability measure on (X, B(X)).
e Additional Borel space (2, B(E)), the source of the control randomness.

Actually, the space (E,B(E)) can be chosen by the decision maker (see Definition 1), but it is
convenient to introduce it immediately, in order to describe the sample space. The role of the
space 2 will become clear after the description of control strategies.

We introduce the artificial isolated point (cemetery) A, put Xa 2 XU {A}, BEA =E2U{A},
and define A(A) 2 A, q(T|Aa) 20foralll e B(Xa), afz,a) 2 q{A}|x,a) 2 gz(a) — q(X'\
{z}|z,a) > 0 for (z,a) € K. The state A means, the process is over, i.e. escaped from the state
space. We also put ¢;(A,a) = 0.

Given the above primitives, let us construct the underlying (measurable) sample space (€2, F).
Having firstly defined the measurable space (92°, F9) 2 (Ex(XxEXxRL)®BE X (X xEx
R4+)%)), let us adjoin all the sequences of the form

(5075607 517 01) X1, €2> ey em—lv Tm—1, gma emu A) A7 oo, A7 Av )

to QV, where m > 1 is some integer, &, € &, 0,, € Ry, 6, € Ry , 23 € X, & € E for all
nonnegative integers [ < m — 1. After the corresponding modification of the o-algebra F°, we
obtain the basic sample space (2, F).



Below,
W = (507 Zo, 517 017 xy, 627 627 '1:27"')'

For n € N\ {0}, introduce the mapping ©,, : Q — R, by O,(w) = 6,; for n € N, the mappings
Xn: Q— Xpand 5, : Q — Ea are defined by X, (w) = z,, and =, (w) = &,. As usual, the
argument w will be often omitted. The increasing sequence of random variables T;,, n € N is
defined by T, = > | O;; Too = limy, o0 Ty, Here, Oy, (resp. Ty, X,,) can be understood as the
sojourn times (resp. the jump moments, the states of the process on the intervals [T, Ty+1)).
We do not intend to consider the process after T.; the isolated point A will be regarded as
absorbing; it appears when 6,, = co or when 6,, < oo and the jump z,,—1 — A is realized with
intensity a(z,a). The meaning of the &, components will be described later. Finally, for n € N,

H,, = (20, X0, 21,01, X1, .+, Ep, Oy, X5

is the n-term (random) history.
The random measure p is a measure on Ry x 2 x X with values in NU {oco}, defined by

pw; Te x Tz xTx) = > H{Tu(w) < 00301, ()2, (), Xn(w)) Tk X Tz X Tx);
n>1

the right continuous filtration (]:t)teR‘i on (9, F) is given by
Fi=0{Ho}Vo{u(]0,s] x B): s<t, BeB(E xXa)}

The controlled process of our interest

X(w,t) 3 T, <t < Ty} X + H{Too < 1}A
n>0

takes values in X and is right continuous and adapted. The filtration {F;}>0 gives rise to the
predictable o-algebra on QxR defined by P 2 a{l'x{0} (T € Fp),I'x(s,00) (I' € Fs—,s > 0)},
where F,_ 2 Vies Ft-

Definition 1 A control strategy is defined as follows

S = {Evp07 <pn777n>, n = 1,2, .. .},

where po(d&y) is a probability distribution on E; for xn,—1 € X, pp(dénlhn—1) is a stochastic kernel
on B given H,_1 (the space of (n — 1)-component histories); mn(da|hn—1,&n,$) is a stochastic
kernel on A(xp—1) given Hy,—1 x E X Ry. If zp—1 = A, then we assume that pp(d&p|hn—1) =
oa(dgy) and mp(dalhp—1,A,s) = oa(da).

The p, components mean the randomizations of controls; the m,, components mean relax-
ations.

If the randomizations are absent, that is, the kernels 7w, do not depend on the £&-components,
then we deal with a relaxed strategy. One can omit the &, components; as a result we obtain
the standard control strategy {m,, n = 1,2,...}. Such models were built and investigated by
many authors [5, 6, 16, 19].

On the other hand, if the relaxations are absent, that is, all kernels m,, are degenerate and
concentrated at singletons

@n(£07x07917"'7'1"71,71757178) S A($n,1), (1)



then the control process A(t) can be defined like follows

A((U t ZI{TH 1 < t < T }‘pn(*—‘OaXOw—‘h@la"' n— 1,‘—'nat_Tnfl)

n>1

FI{Th < t}A. (2)

Below, we call such (purely randomized) strategies as {-strategies; they are defined by sequences
{2, po, (Pn, pn), n =1,2,...}. According to (2), after the history H,,_; is realized, the decision
maker flips a coin resulting in the value of =, having the distribution p,. Afterwards, up to the
next jump epoch T,,, the control A(t) is just a (deterministic measurable) function ¢,,.

Definition 2 &-strategies were defined just above. Purely relaxed strategies introduced earlier

will be called T-strategies. General strategies S can be called w-§-strategies. If m,(da|xg, 01,1, 602, ...

aM(da|z,,_1,5) for alln =1,2,... then the m-strategy is called Markov.

Suppose a 7w-&-strategy S is fixed. The dynamics of the controlled process can be described
like follows. First of all, =y = &g is realized based on the chosen distribution pg(d&p). If pp is a
combination of two Dirac measures, then in the future this or that control will be applied: pq is
responsible for the mixtures of simpler control strategies. After that, the initial state Xy, having
the distribution v(dz), is realized. Later, when the realized state x,_1 € X becomes known at
the realized jump epoch ¢,,—1 (n = 1,2,...), the dynamics is controlled in the following way. The
decision maker flips a coin resulting in the Z,, = &, component having distribution p,, (d&,|hn—1);
after that the stochastic kernel m,(da|h,—1,&,, s) gives rise to the jumps intensity A, (T'|hp—1, )
from the current state x,—1 to I' € B(Xa), where

An(Flhnl,ﬁn,S)z/ATrn(dalhn1,£n,S)Q(F\{wn1}\fvn1,a); (3)

parameter s > 0 is the time interval passed after the jump epoch t¢,,_;. After the corresponding
interval 6,,, the new state z,, € X of the process X(t) is realized at the jump epoch ¢, =
tn—1+0p. The joint distribution of (0, X,) is given below. And so on. If §,, = co then z,, = A
and actually the process is over: the triples (6 = oo, A, A) will be repeated endlessly. The same
happens if 8,, < co and z,, = A. Along with the intensity A,, we need the following integral

An(F7 hnflygnat) = / )\n(F“’Ln,l,gn,S)dS. (4)
(0,t]

Note that, in case gz(a) > ¢ > 0, A (Xalhn—1,&n,00) = 00 if z,,—1 # A.
Now, the distribution of Hy = (Z, Xo) is given by po(d&) - v(dxo) and, for any n € N\ {0},
the stochastic kernel G, on Ry x Ean x Xa given H,,_; is defined by formulae
Gn({oo} x {A} x {A}hn-1) = b, ,({A});
Gn({oo} x I's x {A}hp—1) = 05, ,(X) e~ MXahn-1.En 00 pn(dfnmn 1);

~—

Gn(Tr x T X Txclhn 1) = 60 . / / (Pt €ns ) 5
= JTR

e AnXahn-1Ent) gt 1 (dep | hp_1);
Gn({oo} X Ba X X|hp-1) = Gp(Ry x {A} x Xalhp—1) = 0.

Here I'g € B(R+), I's € B(E), I'x € B(XA>

sy Tn—1, S) —



It remains to apply the induction and Ionescu-Tulcea’s theorem [2, Prop.7.28] or [17, p.294]
to obtain the probability measure Pf on (2, F) called strategic measure. A more detailed
discussion and connection to the martingales, compensator etc [14] can be found in [20].

Below, when ~(+) is a Dirac measure concentrated at = € X, we use the ‘degenerated’ notation
ng . Expectations with respect to Pf and Pf are denoted as E$ and Ef , respectively. The set
of all m-&-strategies S will be denoted as Ilg; the collections of all 7- and &-strategies will be
denoted as II; and Il¢ correspondingly.

We aim to study several classes of control strategies and the associated measures. That is
important for stochastic optimal control. For example, one can consider the following problem:

Wo(S) = Ef

)
n=1

Z/ /wn(da\Hn_l,En,t—Tn_l)cg(Xn_l,a)dt
el (Tn_1,Tn] JA

(Tn—l,

/Wn(da|Hn_1,En,t—Tn_l)car(Xn_l,a)dt
T, JA

S
+E7

:ES/ /ﬂdatc X(t),a) dt| — inf 6
Y RCOEE O ] Jnt )
subject to

Wi(S) < d;, i=1,2,...,N,

where all the objectives W;(S) have the form similar to Wy(S) with function ¢o being replaced

. . . A
with other given cost rates ¢;; d; are given numbers. Here and below, co — co = +00 and

n(dalt) =Y I{Tn1 <t < Tp}yrn(da|Hy 1, Ep,t — Tyo1)

n=1

is the P(A)-valued random process. The notions of optimal and e-optimal strategies are con-
ventional.

Remark 1 Suppose a strategy S is such that, for some m > 0, all kernels {m,}32 | for xp_1 # A
do not depend on the &,,-component. Then one can omit &, € BEA and =,, € Ea from the
consideration. In this case, instead of the strategic measure Pf(dw), we can everywhere use the

marginal pf(dd)) = Pf(dd} x B). Here
w= (607‘7:07517 917 -y Tm—1, emvxmafm-s-l, 0m+17 .. )

and @ X B = (£0,20,&1,01, -, Tm—1, 2, Omy Ty Emt1, Oms1, - . .). Below, we omit the tilde and
hope this will not lead to a confusion.

For example, for a purely relaxed strategy S € 1, the strategic measure is defined on the
space of sequences

w = (:Bo,@l,.l‘l, .. .),

and that is standard for CTMDP [5, 6, 16, 19].

As was mentioned, the space 2 can be chosen by the decision maker. Let us look at several
possibilities.

Definition 3 Suppose E = A, the relaxations are absent, and the functions yp, in (2) have
the form pn(hn-1,&n,s) = &n, so that the argument & never appears and thus can be omitted.



Then such a strategy will be called a standard &-strategy. It will be denoted as S = {A, pn, n =
1,2,...} and below we usually write A, (or ay) instead of Z, (or &), n = 1,2,.... If we
consider only such strategies then we deal with the so called exponential semi-Markov decision
process [5, p.498]. In case pp(dén|hn—1) = pn(dan|hn_1) = pM(day|rn_1) (n = 1,2,...), the
standard &-strategy will be called Markov. The collection of all Markov standard &-strategies will
be denoted as Hé\/[, they are often denoted as p™.

According to Remark 1, slightly modified sample spaces are associated with different types
of strategies which are again denoted in different ways. For the reader’s convenience, we sum-
marize the main notations in the following table.

Strategy Sample space
General (m-&-strategy)

S = {Ea Do, <pn,7rn>, n= 1727 .- } € HS Q= {(507-7;0;&17917-%1,{27927- . )}

Purely randomized ({-strategy)
S = {E, Po, <pn, (pn>, n= 1, 2, .. } € H5 Q= {(fo,l‘o,fl, 01,:131,52, 92, .. )}

Purely relaxed (w-strategy)
S:{ﬂ'n, n:1,2,...}EHﬂ- Q:{(l'o,el,l'l,eg,...)}

Markov standard &-strategy
S = {A, pnM(dan\xn_l), n = 1, 2, . } Q= {($0,G1,91,1’1,CL2,92, .. )}
=pM ey

We introduced the new, richer set of strategies Ilg, and one of the targets is to establish the
sufficiency of smaller classes IL; and IL;. More about the model in [20].

3 Occupation Measures and Sufficient Classes of Strategies

Definition 4 Following [5, 6], for a fized strategy S € Ilg, we introduce the occupation measures
form=1,2,...:

ni(Tx xTa) = EY

/ I{anl € FX}T"n(FA|anlaEnat*Tnfl)dt )
(Tnfl,Tn}ﬂRjL

where I'x € B(X),I'a € B(A).
Remark 2 If S is a standard &-strategy then, forn=1,2,...

ma(Tx x Ta) = EY [[{Xn_1 € Tx}[{A, € TA}0,] = ES[6x,_,(T'x)d4,(Ta)On],
and

| [ atamas.do
= EY [[{Xn_1 € Tx}H{An € Ta}{qx,_,(An) > 0}EJ [0, X,_1, Ayl

= EY[[{Xn_1 € Tx}{A, €Ta}]



confirming that, e.g., if S is Markov standard then Y 7, qz(a)ns coincides with the (total)
occupation measure on K in the discrete-time MDP with the same state and action spaces Xa
and A and transition probability

a(U'x \ {z}|z, a)
qz(a) 7

under the control strategy pM (da|x,_1). We discuss the relations to the discrete-time MDP in
Section 6.

Q(Tx|z,a) = I{g.(a) = 0}[{I'x 2 A} 4+ I{g.(a) > 0}

For any non-negative function r, for any S € Ilg,

ES

Z/ /wn(da|Hn_1,En,t—Tn_l)r(Xn_l,a)dt (7)
n lyTn]mR-l»

= Z/ r(z,a)nS (dz, da).
n=1 XxA

Now, after we introduce the sets

Ds—{{n a1 S € s},

Dy ={ {7];? & ., Sell;, SisMarkov} and
De={ {n3}>2,, S €l with E = A, &strategy S is Markov standard},
the problem (6) can be reformulated as

Z / co(z, a)n,(dz,da) — inf
n=1 XxA e

{ﬁn}n:ﬁps
subject to
oo
Z/ Ci(x,a)nn(dx,da) <d;, i=1,2,...,N.
n=1 XxA

Condition 1 (a) ¢;(a) > 0 for all (x,a) € K. (b)) Je >0: Vz e X
infaca(e) (@) > e.

It is clear that the possible gap

@, a) 2 gu(a) — ¢(X\ {a}|z,0) = ¢({A}|z,a) > 0

can be understood as the discount factor depending on the current state and action. More about
this in [20]. If @ > 0 is a constant then we deal with the classical discounted model [5, 6, 10, 19]
satisfying the requirement 1-(b). Certainly, if gz(a) = 0 for some (z,a) € K, and that state x
cannot be reached under any control strategy S, then one can consider the state space X\ {z}.
Similarly, if ¢;(a) =0 for all a € A(z) and Vi =0,1,2,...,N,Vn =1,2,... ¢;(x,a) = 0 for all
a € A(z), then one can denote that state x as A (meaning, the process escaped from the state
space X). The situation, when ¢;(a) = 0 and ¢;(z, a) # 0 for a reachable state x and for some 7
and a € A(x), is more delicate.

Theorem 1 Suppose Condition 1-(a) is satisfied. Then, for any ww-£-strategy S, there is a
Markov standard &-strategy Se such that 7755 >nd for alln =1,2,.... Hence, Markov standard
&-strategies are sufficient for solving optimization problem (6) with negative costs ¢;.

If Condition 1-(b) is satisfied, then Dg = D¢. Hence, Markov standard &-strategies are
sufficient in the problem (6).



Theorem 2 Dg = D,. Thus, Markov m-strategies are sufficient in the problem (6).

The proofs will appear in [20].

If o1 = 732 for all n = 1,2,... then, for any cost rate cg, the expected total costs
Wo(S1) = Wy(S2) are the same. But other important objectives (e.g. the variances) may
be different. Consider the following simple example: X = {1}, A = A(1) = {a1, a2}, (1) =1,
qi(a1) = A1, qi(a2) = A2, N = 0. Note that ¢(X \ {1}|1,a) = 0 and ¢(X]|1,a) = —qi1(a) < 0.
After introducing the cemetery A with a(1,a) = q({A}|1,a) = ¢i(a), we obtain the standard
conservative transition rate ¢q. In this model, we have a single sojourn time © = T, so that
the n index is omitted. Suppose the cost rate co(1,a) = ¢ is given. Let S be the stationary
m-strategy with the values 7%(a1|z) = f = 1—m%(az|1). Then 7°* = n>2 for the Markov standard
&-strategy Sa defined by p(ai|l) = m = 1 — p(ag|1l): see the proof of Theorem 1 in
[20]. For Si, the sample space contains only the pairs (zg = 1,6), the (random) total cost is
C = [Bc™ + (1 — B)c*2]0,

_ Be™ + (11— B)e™ 2[Be™ + (1 — B)c™2)?
CBAMF (1B [BA\1+ (1= B)A2)?

For Sy, the sample space contains the triplets (zg = 1,§ = a,6), the total (random) cost is
C=1I{a=a1}c"0+ I{a = az}c™0,

S S 21
EJC] and EJ'[C7] =

B ™ (1= PB)\ 2

S2 — [ . — S1
EBylel = M+ (1 =B M * A+ (1 =B8) 2 Ao EC),
- B2 Ay (1= 2Ac™)?
52 91 1 . I 1 _ 2 . c(lg
EIe = M+ (1 =B)re N * BAa+(1—=8) 2 A3
The difference
Sa(2]  pSa2] 2 B(e)? (11— p)(c™)?
BB, [C]5A1+(1—6)A2{ N h

B 4+ (1 - 6)ca2]2} _ 28(1 — B)[Aac® — A\1c®2]?
AL+ (1= B)A2 AMA2[BA1L + (1 — B)A2)?

is non-negative, so that the variance of the total cost is bigger for the &-strategy Ss.

4 Sufficiency of ¢-strategies, (General Case

Example presented in Section 5 shows that, if Condition 1 is not satisfied, then it can happen
that, for a w-strategy S, there is no equivalent Markov standard £-strategy having the same
occupation measures. Below, we describe a more general class of {-strategies which turns to be
sufficient in the general case.

Definition 5 A Poisson-related &-strategy

S={8¢e,pni(dalzpn_1), n=1,2,..., k=1,2,...}

is defined by a constant € > 0 and a sequence of stochastic kernels py i (dalx) from Xa to A
with ppk(A(z)|z) = 1. Here E = (A X R)® = {(a1,71,a2,72,...)}, and for n = 1,2,... the
distribution p, of 2, = (AT, 17", A%, ...) given H,,_1 is defined as follows:



i fOT' all k> 1, pn(AZ € FA‘hnfl) :ﬁn,k(FAu'nfl);

o forallk > 1, pp (T} < t|hy—1) =1 — e ='; random variables T}' are mutually independent
and also independent of Fr, |, = B(Hp—1);

o finally,
o0
on(&0, 20,861,601, ..., Tn—1,6n,5) = ZI{T{L+...+T,?_1 <s<T+...+ 1 }ap,

and the mapping v, in fact depends only on &,.

The =y component plays no role and is omitted.

Such a strategy means that, after any jump of the controlled process X (t), we simulate a
Poisson process and apply different randomized controls during the different sojourn times of
that Poisson process.

Theorem 3 For cmy control strateqy S, there is a Poisson-related &-strategy ST such that
{nSye, = = {nS" > 1. The value of € > 0 can be chosen arbitrarily.

The proof can be found in [20]. The explicit form of the S¥ strategy is given by the following
expressions. Suppose S = {&, pg, (pn, ), n = 1,2,...} € Ilg is a given control strategy and fix
an arbitrary ¢ > 0. The (standard) space E = (A x R)> which appears in the definition of a
Poisson-related strategy, is equipped with tilde. It has no concern to the calculations. For a
fixed n > 1, we introduce random functions Qx(w) depending on w € Q:

Qr(w) 2 %e_sw_A"(XA’H"“E”’w), k=1,2,..., we R(}r

and (random) function fy,(t):

A

fw(t) =

w,t € R(}r.
Now, the Poisson-related &-strategy ST of our interest is defined by

/ / / Tn, da‘Hn 1, S0, U )
(0,00) 0,4] JTa

X lgx,_,(a) +eldu dt| Xn 1 = 2y 1] ;

- A 1
pn,k(FA|xn—1) = 3

f Qk‘ 1 dw‘Xn 1= Tp-—1

[/\n(XA|Hn717 En, w4 t) + e]e_An(XAJ{nfl7Enaw+t)+An(XAyanlvan/w)_ét’

Pn1(Talzn-1) ES

(0,00)
XES / Qk 1 / fw //Wn da|Hn 17—'n7w+u)
(0,00) 0,4]Ta

X [gx, _,(a) +¢€]du dt dw|Xp—1 = xpn_1],



for k > 2.

By the way, the normalizing denominator E:f / Qr-1(w)dw|X,—1 = zp—1| equals the P:?—
N (0,00)
probability and also the Pf -probability that ©,, is bigger than the Erlang(e,k — 1) RV, i.e.
that the action Ay, is actually applied when using the S strategy.

5 Example

This example illustrates that Markov standard strategies (as well as stationary standard &-
strategies and stationary m-strategies) are not sufficient in optimization problems.

Consider the following CTMDP, very similar to the one described in [9, Ex.3.1]. X = {1},
A=A()=(0,1],v({1}) =1, ¢i(a) = a, co(z,a) = a, N = 0. Note that ¢(X\{1}|1,a) = 0 and
¢(X|1,a) = —qi(a) = —a < 0. After introducing the cemetery A with a(1,a) = ¢q({A}|1,a) =
q1(a), we obtain the standard conservative transition rate ¢. In this model, we have a single
sojourn time © = T, so that the n index is omitted.

It is obvious that, for any Markov standard &-strategy p™ (which is also stationary),

" ({1} x Ta) = B2 / I{A(t) € FA}dt] :/ pM (da|1) - X
(0,T)NR 4 a a
and
M M M 1
Wo(p™) = EY At)ydt]| = | an? ({1} xda) = | a—p*(da|l) =1.
(0,T)NR A A

For an arbitrary stationary mw-strategy .S, we similarly obtain

75 ({1} x Ta) = 7(T'a) / [ awtda

and
Wo(S,) = /Aa 057 ({1} x da) = 1.

On the other hand, under an arbitrarily fixed x > 0, for the purely deterministic strategy
©(1,s) = e "5, the (first) sojourn time © = T has the cumulative distribution function (CDF)

14— KO

1—e «,so that P7(0 =) = e=. Under an arbitrarily fixed U € (0, 1] we have

—14a
1 (&

< O = [ S da (®)

U RQ

The detailed calculation is given in [20]. The measure n¥({1} X da) is absolutely continuous
14a

e kK

and
ra

w.r.t. the Lebesgue measure, the density being

Wolp) = /A an?({1} x da) =1 - e+, (9)

It is clear that infgery Wo(S) = 0: see (9) with K — oo, but the optimal strategy does not exist
because © > 0 and co(x,a) > 0. Note also that, if we extend the action space to [0, 1] and keep
q1 and ¢ continuous, i.e., ¢1(0) = ¢o(0) = 0, then stationary deterministic strategy ¢*(z) = 0 is
optimal with Wy(¢*) = 0.
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According to Theorem 1, there is a Markov standard {-strategy S¢ such that n% >n¥. Tt is
given by the following formula:

EY [ fip.0p He ™ € (U, 1]}e " dt]

PY((U,1]1) =
B | fip.0 0]

After the change of variables y = e, the numerator becomes

dy U-1
B¢ / I{ye(U,l]}] e
[6—5971) K
and
1-— eU;1 1 le%l
PM((U ) = —+ _/ £ da.
1—e = Ul—e =&
Now, since for any a € A the expectation of © is %,
1 a=1
S _ ra® " P
n7¢({1} xTa) = —da > e = —da=n?({1} xTa).
Ta 1—e* Ta Ka

Let us construct the Poisson-related ¢-strategy ST such that n° F= 1%, using the expressions
given at the end of Section 4.

As usual, we omit index n = 1. Now A(Xa, ho, &o,t) = fg e "ds = 17‘;_'“ and, using the
formulae for Qx(w) and f,(t), we obtain

0 t C14e—kt
(U, 1]]1) = / [/ I{e ™ € (U, 1]}e "™ + 5]ds] (e™" +¢e)e S ey
0 0
_InU 1 p—
= / [(1 —e ") ¢ 5t] (e 4 e)e™ ety
0 K
1 > —kt —iye”®t —et
+- 1—-U—-clnUlle™+e)e = dt,
K J_wmu
and the density of the p; distribution is given by
_dpi((w,1]j1) 1 (1 N 5) e
du K u

The starting point for the description of the desired Poisson-related strategy S* is as follows.

e On the interval (0,73] one should choose the action A; using the CDF a%e_lrja, a €

(0,1] = A.

e The expected cost on the interval (0,7} A O] equals

I e o 1t e e
/ (14_5) are’ s “ da:/ ase’s da.
K Jo a a+e K Jo

11



For k > 2, we have

i f07 1:U 5((2“:);)7‘2 e—ewe;Hz_m} [1 —e Uﬁeﬁ_ﬂw +€w+% In U]dw
pk((U’ ]‘”]‘) = k—2 —14e—RW )
oo g(ew) —ew +
o -2y ¢ €~ w

and the desired Poisson-related strategy ST is as follows.

e On the interval <Zf;llﬂ,2f:1 Tl] one should choose the action Ay using probability
density
~ _lnTa (ew)k—2 _1 0 € 9+51nad
_ dpi((a, 1]]1) I R )

k—2 —1fe— KW

da I E((EI:U_)Q)! e~we w  dw
ate —elng\k—1 @ ela 1
cm(k—l)!( K ) er v "

o k-2
Joo e

e If the action Ay is actually applied then the duration T}, is the smallest RV between the
sojourn time (in state 1 under the action Aj) and the independent exp(e) random variable
T,.. If Aj is not applied, we put T} 0. The expected length of that interval T} (if

e(ew)k—2 _ —lte FW

positive, that is, with probability fooo =2y © fWe™ % dw: see the proof of Th.5 in

[20]) equals ﬁ and

1 1 —1l+4elna+ta (Llna)k_l

ES” / I{A, € (U1]}dt| = B S VA
v (0,7%] {Ar € 1]} U ka (k—1)!

1 1 —1l+4elna+a (Llna)k_l
e The expected cost on that interval equals / —e B ~—f ~_ da.
o R (k’ — 1)'

One can easily compute

{1y < (U) = Y ES
k=1

/ ~ I{Ake(U,l]}dt]
(0,T%]

1 1
]. [ a— 1 [ a— £
= / Za="le mlda—i—/ Cailetn (a_E —1) da
Uk U kR

a—1

1 K
_ / € da=n?({1} x (U1]) :
U ra

see (8).
Similarly,
1 1 € a— 1 1 £ a— >4
Wo(ST) = / anenlda+/ “are"s (a_E—l)da
K Jo o R
1
1 a-
= / Ze'vda=1—en =Wo(p) :
o R
see (9).
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6 Continuous and Discrete-Time MDP

6.1 Non-Zero Jumps Intensity

Suppose Condition 1-(b) is satisfied (or Condition 1-(a) if the cost rates ¢; are negative). Then,
according to Theorem 1, Markov standard &-strategies are sufficient in problem (6). Formula
(6) takes the form

Wo(S) = ZES I{ X1 # AYES [co(Xn—1, 4)On| Fr,,_,]] (10)
n=1
= s K- 1’ inf .
_ ZE [I{Xn 17£A}/ P (dal X, ) -,

It remains to notice that VI'x € B(Xa)

n (da|X;-1) (11)

to deduce that actually we deal with a discrete-time MDP in the class of randomized Markov
control strategies p™. Indeed, at any one time moment n, having the current state z,_; € X
and choosing action a € A(zy,_1), we face the one-step cost co(xn—1,a)/qs, ,(a), and the process
moves to a state x,, € I'x € B(Xa) with probability ¢(I'x \ {zn—1}|zn-1,0)/¢, ,(a). State A
is absorbing with zero one-step cost. It is known that randomized Markov control strategies are
sufficient for solving discrete-time problems with the total expected cost [17, Lemma 2].

The optimality equation looks as follows

inf : {co(az, a)/q.(a) —i—/ v(y)q(dy|z,a)/q:(a) — v(a:)} =0, ze€Xa, (12)
X\{z}

a€A(z
and all the theory of discrete-time MDP is applicable.

Remark 3 If co(z,a) > 0 and the model is semi-continuous (see [2, Def.8.7], or [3, Ass.2.1],
or [17, Con.5]) then the Bellman function v(z) = inpreHé” Wo(pM), where x is the initial state

(i.e. v(dy) = dz(dy) ), is the minimal non-negative solution to (12). Moreover, there ezists
a stationary deterministic uniformly (or persistently) optimal strategy ©*, that is, a strategy
satisfying v(z) = Wo(@*) for all initial states x € X. The (measurable) mapping p* : XA — A
provides the infimum in (12) [2, Prop.9.12, Cor.9.17.2]. One can find more about the total-cost
MDP in [1, 2, 7, 13] and other monographs and articles.

Note that MDP with total (undiscounted) expected cost is a challenging area, full of unex-
pected: strategy and value iterations may be unsuccessful, a conserving strategy (providing the
infimum in (12)) may be not optimal, and so on: see the corresponding counter-examples in [18,
Ch.2]. At the same time, particular cases, like transient and discounted models are well studied
[1, 2, 13, 17]. For instance, in the standard discounted case, if a(z,a) = a > 0, the model
is semi-continuous, and the cost rate ¢y is bounded, then equation (12) has a single bounded
solution on X with v(A) = 0, and the stationary conserving strategy exists and is optimal. By
the way, here equation (12) takes the form

acA(x

inf {00(377 a) + / v(y)a(dyle, a) — ¢(X\ {a}|z, a)v(z) — av(ﬂf)} =0,
X\{z}

r € X,
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coincident with the Bellman equation investigated in many works on CTMDP [10, 19, 21]. Note
that the discount factor was state
-dependent in [23]. One can investigate also the case when the cost rate ¢y is not necessar-
ily bounded, working in the spaces with ‘weighted’ norms. Similar approach was demonstrated
in [10, 19, 21] for CTMDP and in [1, 13], [22, §6.10] for discrete-time MDP.

In the cited works on CTMDP, many efforts were made to ensure that the controlled process
is non-explosive, that is, P:fq (T = o0) = 1 for all strategies S. We underline here that explosions
are not excluded in the current article: we simply consider the X (¢) process up to the moment
T which may be finite.

Let us apply the recent results on constrained discrete-time MDP with total expected cost
[4] to the problem (6).

Condition 2 (a) There exists a dominating probability —measure m  on X:
V(z,a) € K q(-|x,a) < m. (Here the measure q(-|x,a) is considered to be defined on X\ {x} for
(r,a) € K.)

(b) A is compact, Vx € X A(z) = A; for any I'x € B(Xa) and z € X function q(T'x \
{z}|z,-)/qz(-) is continuous on A; functions c;(x,-), 1 =0,1,2,..., N are continuous on A for
any x € X.

The linear program LLP associated with the constrained problem (6) looks as follows:

= <o, ) x,da in
Wo—/XXA (e, da) — i (13)

subject to n € L, where L¢ is the space of (possibly infinite-valued) feasible measures, that is,
satisfying equation

T T}Hx,a
oPxx A) = () + [ MDA, gy (14)
X xA qz(a)
and such that, for any ¢ = 0,1,2,..., N, the integral
W; = il 9) g da) (15)
' XxA Q:v(a) ’
is well defined and satisfies the constraints
W;<di, i=1,2,...,N. (16)

Note that, for any Markov standard &-strategy p, the total sum of (slightly modified)

oo

occupation measures Z qx(a)nﬁM (dz,da) satisfies equation (14).
n=1

We also need auxiliary linear programs LP;, 1 =0,1,2,..., N

Wi — inf

subject to n € IL;, where L; is the space of measures satisfying (14) and such that the integral
(15) is well defined.

Proposition 1 Let Condition 2 be satisfied. Suppose, for any i = 0,1,2,..., N, the minimal
value of the linear program ILP; is finite and let n* be the optimal solution of the constrained
linear program LP (13),(14),(15),(16). Then n* gives rise to the so called ‘induced’ stochastic
kernel p*(da|z) which defines the stationary standard &-strategy solving problem (6).
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The proof follows from [4, Th.5.2]. Generally speaking, after the measure n* is obtained,
the state space X is split into two disjoint parts X = V U V. The subset V¢ is the largest (in
some sense) such that the measure n*(dzx,da) is o-finite on it and hence can be disintegrated:
n*(dr,da) = p*(dalz)n*(dz x A). On the set V', p*(da|z) = d5(,)(da), where f(z) is a specially
constructed function: see Lemma 5.1, Prop.5.1 and Def.5.1 in [4]. Easier constructions can be
found in [4, §4], where the set A is finite.

Note that in [4] the number of constraints N was not necessarily finite.

If all cost rates ¢; > 0 are non-negative, then a stronger version of Proposition 1 is valid (see
[3]): if the model is semi-continuous and the objective (13) is finite for some feasible measure 7,
then there is a stationary standard &-strategy solving problem (6).

6.2 General Case

Now we investigate the general case when Condition 1 is not necessarily fulfilled. For an arbi-
trarily fixed € > 0, consider the discrete-time MDP M with the same state and action spaces
Xa and A and the same set K of admissible state-action pairs. Transition probability on Xa
is defined by
a(Ux \ {y}|y,0) + el{I'x >y}

qy(b) + ¢ ’

the initial distribution is «v. Here and below, it is convenient to denote the states and actions in
the M model as y and b. The notions of a control strategy p and the corresponding strategic
measure MPY in M are conventional [12, 17]. The (total) occupation measure 5P on K is
defined by the standard formula (see [13, §9.4]):

o o
Mpp(Tx xTa) =Y Mpp(Tx xTa) = > MEP[I{V;n-1 €Tx, By €Ta}]. (17)

m=1 m=1

Let D be the full collection of such occupation measures under different Markov strategies p.
Other strategies do not extend the set D [17, Lemma 2].

Lemma 1 D coincides with  the space of all  (total)  occupation  measures
oo

Z(qx(a) + 5)775 under different strategies S € Ilg in the original continuous-time model. (See

n
n=1

Section 3.)

Now it is clear that solving the original constrained problem (6) is equivalent to solving the
corresponding discrete-time MDP with one-step costs
¢i(y,b)/[qy(b) + €]. By the way, in the unconstrained case, the optimality equation takes the
form

bEA(y) X\{y}

inf {CO(yvb)/[QI(a)+5]+/ v(2)q(dzly, b)/[gy(b) + €]

+w@ﬂhﬂ®+d—ww}=0, yeXa
yielding

beA(y)

mf{%@wwgéw}w@«wmmwwmwww}—o (18)

15



for such y € XA that v(y) € R. The last equation is well known for the problems with total
(undiscounted) cost [11].

All the assertions in Remark 3 hold true. Note also that, for any stationary deterministic
strategy ©° Mn?" =3 (q.(a) + £yt : see the proof of Lemma 1.

Under Condition 2 one can investigate the linear program similar to (13),
(14),(15),(16) and apply Proposition 1. If, for instance, the problem is unconstrained (N = 0)
and the value of LP

/XXA fmn(d% da) — iI%f (19)

subject to
A(T'x) =n(Tx x A) =v(T'x) + /XXA [q(rx \ {x}z,(zg j:[{x e I'x}

is finite, then, in case the optimal marginal 7*(+) is o-finite, one can disintegrate the optimal mea-
sure n*(dz,da) = n*(dz)p*(dalz) and obtain an optimal stationary Poisson-related &-strategy
with (n, k)-independent stochastic kernels p,, ,(da|z) = p*(da|x). Here we assumed that the LIP
(19) has an optimal solution n*.

In the example presented in Section 5 all the conditions 2 were satisfied except for the
compactness of the action space A. Remember, the set of Markov standard &-strategies was
not sufficient there in the problem Wy(S) — infgerg. In the corresponding discrete-time MDP,
there is no optimal stationary strategy. The LIP looks as follows:

/(0 ya el n({1} x da) — 1nf (20)

n(dz, da)

subject to

n({1} x da). (21)

If n({1}) < oo (note that n”({1}) < oo for any stationary strategy p), one can write 1 in the
form ({1} x da) = N({1}) x p(da) and, for any probability measure p, we have

(1)) = [1 J o j€p<da>] - [ L, aigmda)]

-1
a
— Total cost equals / p(da) |1 — / da =1
(0’1}(1‘1‘5 ( )[ (01](1"‘5 ( )

as expected. Proposition 1 does not help because the solution to LP (2 ) does not exist. The

A = (1} x 0.1 =1+ [

(01]a+8

infimum equals zero because, e.g. for the measure ({1} x da) = (a + ¢)%;

have that H(({1}) = oco and /
(1) e

zero in (20) we must have n({1} x da) = 0 which violates the requirement (21).
Let us show that, for any § > 0, there is a non-stationary Markov strategy in the assiciated
discrete-time MDP M w1th the total expected cost smaller than d. Take a1 such that o + - < 2,

take ao such that <3 . Then, for this Markov

n({1} x da) =1 — e~=. On the other hand, to obtain

az +€
deterministic non-stationary strategy pm(da\x) = 0q,, (da), We have
oo
. co(Xm—1,A a € a €
ME€ZO(m1m) L [2+
1 QXm,l(Am)ﬂLe ay + € a1 +¢€ |as+¢ ag + €

ool [ B | AL B
ot <g it
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This strategy p* gives rise to the corresponding Poisson-related §-optimal strategy in the original
CTMDP, with degenerate probabilities Dk
Pr(dall) = 04, (da). More examples of discrete-time MDP, where only non-stationary strate-
gies can be d-optimal, in [18, §2.2.11].

Remark 4 In the case of unconstrained problem with N = 0 and ¢y > 0, in the associated
discrete-time MDP M, there is a d-optimal non-randomized Markov strategy for any 6 > 0
[2, Prop.9.19]. That strategy gives rise to the §-optimal Poisson-related strategy with degenerate
probabilities py, 1. Many other known statements from the discrete-time theory can be directly ap-
plied to the Poisson-related strategies in the framework of CTMDP. See for example the transient
and absorbing MDPs in [1].
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8 Appendix

Proof of Lemma 1 (sketch). Assume ¢ > 0 is fixed.

1. For the proof of inclusion {> °° (g.(a) +€)n3, S € llg} C D, according to Theorem 3,
it is sufficient to consider only Poisson-related strategies S*. Suppose such a strategy S¥ =
{8, ¢,pnr(dalzy,—1), n,k = 1,2,...} is given. The elements of §, € E are denoted as &, =
(a0, a8, 74, ...). We intend to build a control strategy p = {pm1(da| Mhy)}_, in the M
model such that

[e.9]

Mup(d,da) = Y (q.(a) + )y (de,da). (22)
n=1
The elements relevant to the M model are equipped with the left upper index M. It will be
convenient to denote trajectories in M as Mw = (yo, b1, y1,...).
For a given history A, = (yo,b1, Y1, - - » b, Ym) With y,, # A we define I1(Mh,,) = min{l >
L:l<myy#y-}A(m+1).
For k > 1, if [, Mhy) =m 4+ 1 — Zf:_ll 1;(Mhy,) then n(Mh,,) = k; otherwise

k
i=1

k
M
yzfil 1i(Mhyn )+l # yZ§:1 li(Mhm)—f—l—l} A (m +1- Z li( hm))
=1

Atter that, Y70 [;(Mhy,) = m+1, and we put k(Mhy) 2 Ly, (Mhm) and apply the
randomized action according to the distribution

Prr1(dalMhm) = Prap, ) kn (dalym).

This past-dependent randomized strategy p in M is the desired one. Figure 1 illustrates this
construction and the connection between (random) histories *H,, and trajectories of the
original control process X ().
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For an (infinite) trajectory Mw, the values [;(Mw) € NU {oc}, i = 1,2,... are defined in
the similar way: [;(Mw) = min{l > 1: y; # y_1} and for k > 1 such that Ix(Mw) < oo and
kit 1 # B we pu

b1 (M) = min {l Z 10 Y5 ey 7 yZi-‘;lli(Mw)H—l} '

Below, these functions on the sample space of the M model are, as usual, denoted by capital
letters Ly, (random variables).
For any n =1,2,... for arbitrary I'x € B(X), I'a € B(A)

Z?:l L;
/ / (Q:Jc(a) + 5)7751) (dl'v da) = ME?; Z I{mel € FX}I{Bm S FA} .
I'sx JT A m—zn71 Li+1
=2ui=1 i

X(@)
Xl] X
(a) X; 4 X, Pr.(da X,)
} +—t } t t time
ol rt 41 O, +I;
) 0,+0, 0,+0,+0, =T,
%=X, =X T=X - ~
Y, =X, I );,—XAI BohR ‘ L=x ]?‘X-:[B.,w)(.lHé): P T5)
X
X, ¥ ~ da
3 b p(dal A7)
g X ]
f — f f time
0 o &+ 0, +0,-T, O, +0,+7°
Ry ke E=X, T=1, By~p(| H)= PaUT)
S

Figure 1: Two scenarios illustrating the construction of the M model:

(a) MHg = (Yo, B1,Y1,..., Bs,Ye); L(MHe) = 3, o(MHe) = 2, I5(MHs) = 1, 14(MHs) = 1,
n(MHg) = 4, k(MHe) = 1;

(b) MHy = (Yo, B, Y1,..., By, Ya): W(MHy) = 1, b(MHy) = 2, 15(MHy) = 2, n(MHy) = 3,
E(MHy) = 2.

This equality is based on the formulae

k

I{X,_ #A/ ax, _,(Af 1) +e)dt "
{Xn-1 # A} <z§:1TmzfifTi”ATn1( X1 (Afg1) +€) ;

S P
E’Y

< T, an,A’,Z,H] = E5" [[{ X1 # A}
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n
P:/gP(Tn < o0, X, € FX) = MP%? (Z L; < o0, YZ?:1 L; € Fx>
i=1
valid for all n = 1,2,...; k=0,1,2,.... Therefore, (22) follows.
2. For the inverse inclusion {3°°0(g.(a) + )15, S € Ig} D D, suppose a Markov strategy
pm(dalz) in M is fixed and construct a past-dependent version S of a Poisson-related strategy
such that

[e.o]

> (a:(a) +e)ny (dx, da) = Mip (de, da). (23)

n=1
Past-dependent means that the stochastic kernels p,, , will depend on the histories h,,—1 rather
than on the current states x,_1.
Let p1 x(dalzg) = pr(da|xg). For any history h, with =, # A we compute

k
Fo(hn) S mingk > 1: Y 7' > 6,)
=1

and, in case ky(hy,) < 0o, we put

Pr+1k(dalhn) =psn ki h)+x(dalzy).

If ky,(hp) = oo, the stochastic kernels p,, 111 can be defined arbitrarily.
For this strategy S, similarly to the ideas described above, one can prove equality

n .
i=1 Ll

[ [ @@ +omirdn = Mez| S MY e Tx}{Bn e Ta)
Ix /Ta m=>"""1 L;+1
=2ui=1 i

foralln=1,2,..., I'x € B(X), I'a € B(A).
After that, equality (23) is obvious. H
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